立教大学数理物理学研究センター平成28年度活動報告書 by 数理物理学研究センター
???????????
????
? ?
?
?????????
????
????????????
???
?
?
??
??
???????????
???????????????
??? ????
????? ???????????
?????? ???
?????????????????????????
???????????????????????????????????
???????????????????????????????????
???
??????????????????
??? ?????????????????????
????????????????????????
?????????????????
???. 
????????????????
??? ????????????????
13???
??? ? 29??? 6?-9??????????????Frontiers in Mathematical 
Physics?
???. 
???????????????????????????????????
???????????????????????????????????
???????????????????????????????????
??
??????????????????? SFR??????????????
??????????????????????????? 12?????? 7
???????????????????????????????????
???????????????????????????????????
??100????????????????????????????????
???????????????????????????????????
1
????????????????????
????????????????????????????. 
???????????????????????????????????
??????
https://sites.google.com/a/rikkyo.ac.jp/mathphys/ 
???????
???????
??????????????
??? ???????????
2
???????????????? ????
3
4
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I. ????
????????K3????????N4?
?????????????????????
???Mathieu??????????????
???????????? J????????
? monstrous moonshine ?????????
???????Mathieu moonshine?????
?????????? Mathieu moonshine?
?????????????????????
?????????
??Mathieu moonshine??????Umbral
moonshine????????????????
???moonshne?????????????
? moonshine ??????????????
?????????????????????
???
?????????????N=4?????
?????????????????? c=6?
??? c=6k(k??????????????
???????????Mathieu moonshine?
Umbral moonshine????????????
?????????????????????
???????????????
II. ???? (20122016??)
1. "Professor Nambu, String Theory and
Moonshine Phenomenon", T.Eguchi,
PTEP 2016 (2016) 12C108.
2. "Duality in N=4 Liouville Theory and
Moonshine Phenomena", T.Eguchi, and
Y.Sugawara, PTEP 2016 (2016) 063B02.
3. "Compact Formulas for the Completed
Mock Modular Forms", T.Eguchi and
Y.Sugawara, JHEP 1411 (2014) 156.
4. "Lattice Gauge Theory and the Large N
Reduction", T.Eguchi,
Int.J.Mod.Phys.A29 (2014) 1,1430036, in
K.Wilson Memorial volume.
5. Einriques moonshine", T.Eguchi and
K.Hikami, J.Phys. A46 (2013) 3112001.
6. "N=2Moonshine", T.Eguchi and K.Hikami.
Phys.Lett.B717(2012) 266.
7. "Twisted Elliptic Genus and Borcherds
Product", T.Eguchi and K.Hikami,
Lett.Math.Phys. 1028 (2012) 203
III. ???? (20122016??)
1. "Professor Nambu, String Theory and
Moonshine Phenomenon", NambuMemo-
rial Symposium, Chicago, 2016/3/11-3/13,
?
2. "String Theory and Moonshine Phenomenon",
??????????????????
????????? 9/11-9/13
3. "K3 Surface and Mathieu Group", String
Theory Meeting in Greater Tokyo Area,
11/28-12/02,
4. "K3 Surface, String Theory and Math-
ieu Moonshine", NCTS, Taiwan, Hsinchu,
12/6-12/9
IV. ??? (????)
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? ?? (??? ????)
I. ????
????????????????????
?????????2016 ?????????
???: (1) GUE ????????????
??????????Painlev'e IV?????
??????????Tracy-Widom ????
?????????????????????
?????????????????????
?????? (2) Bethe?????????
\rigged congurations" ??????????
?????sl2???????????????
?????????????????????
?? (?? (??)?Willox(??)??????,
???????) (3) ???????????
??? \Jeu de taquin" ??????????
???????????? (?? (???)??
? (??)??? (????)??????, ??
?????)? ??? (1)(3)???????
?????????????????????
?????????????
II. ???? (20122016??)
1. Saburo Kakei, Hirota bilinear approach
to GUE, NLS, and Painlev IV, Nonlin-
ear Theory and Its Applications (NOLTA),
IEICE, Vol. 7, No. 3 (2016), 324{337.
2. Kenji Kajiwara and Saburo Kakei, Toda
lattice hierarchy and Goldstein-Petrich
ows for plane curves, Comment. Math.
Univ. St. Pauli 64, No. 1, 29{45 (2015).
3. ??????????????????
???????? 6?????????
?????,?????????????
25AO-S2, 157{162 (2014).
4. ????????6???????????
??????????????,????
????????? 25AO-S2, 163{168
(2014).
5. ????KP?????????????
(????, 2013) ??, pp. 26{27.
6. ?????????R. Willox, ?????
Tzitzeica???????????????
????????????? 24AO-S3,
128-133 (2013).
7. ????????????? FitzHugh-
Nagumo?????????", ????
????????? 23AO-S7, 196{201
(2012).
8. ??????????? Euler-Poisson-
Darboux???????,???????
?????? 23AO-S7, 202{207 (2012).
9. ?????????????MI lecture
note series 40, 27{49, (2012).
III. ???? (20122016??)
1. Saburo Kakei, Linearization of the box-
ball system: an elementary approach (Joint
work with J.J.C. Nimmo (Glasgow), S.
Tsujimoto (Kyoto) and R. Willox (Tokyo)),
The Fourth International Conference, Non-
linear Waves { Theory and Applications,
Tsinghua University, Beijing, China, June
25-28, 2016.
2. ???????????????????
Jeu de taquin slide ? ?? 2?????
??????????????????
???2016? 9? 15? (?????).
3. ??????????????????
??????????????????
??????????? ???????
???????????????2016?
11? 4? (?????????????).
4. ?????????GL(3)? Atiyah-Ward
??????????????????
?????? ????????????
??????????2016? 11? 4?
(?????????????).
5. ??????????????????
??????????????????
6
??????????????????
????2016? 11? 4? (??????
???????).
6. Saburo Kakei, Linearization of the box-
ball system: an elementary approach (Joint
work with J.J.C. Nimmo, S. Tsujimoto
and R. Willox), Workshop \Topics on
tropical geometry, integrable systems and
positivity", ??????, 2015? 12?
22?{24?.
7. Saburo Kakei, Hirota bilinear method
and Hermite ensemble, Workshop \Fluc-
tuation and Correlation in Stochastic Sys-
tems", ????, 2014? 10? 15?.
8. Saburo Kakei, Negative ows of Toda hi-
erarchy and motion of plane curve, ??
?? \Around Sato's theory on soliton
equations", ?????, 2013? 12?.
IV. ??? (????)
????? ??????????????
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?? ?? (??? ???)
I. ????
? (quiver)????? (mutation)????
?????????????????????
?????????????WKB ?????
????????????????????
???????????????? (mutation
sequence) ????????????????
?????????????????????
?????????????????????
?????
???????? (??????)?????
????????????????  (quiver
mutation loop = ???????? exchange
graph ????????)?????? q??
Z()???????????????????
??????????????(1) Z()???
??? ?????????????????
?????????????????????
????(2) ?????  ?????????
?????????????????????
(3) ADE ????????????????
????????? q ???????????
?????? coset ????????????
??? (????)???????????? q
???????? Z() ?????????(4)
reddening sequence ??????????? 
??????????????????????
combinatorial Donaldson-Thomas invariant?
?????
?? q????????quiver mutation loop
????????????????????
?????????? (quiver mutation se-
quence) ?????????????????
????????????????????c-
vector??????????????????
??????????????????????
??????????? (?????????)
???????????Boltzmann weight ?
q-??????????? (partition function)
??????????????????????
????????????? q???????
?????????????????????
???????????????? q????
??????????????????????
q???????? Stanley ????
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II. ???? (20122016??)
1. Kato, Akishi and Terashima, Yuji, Quan-
tum dilogarithms and partition q-series,
Communications in Mathematical Physics,
2015, 338, 457{481, 1, doi : 10.1007/s00220-
015-2323-y,
2. Kato, Akishi and Terashima, Yuji, Quiver
mutation loops and partition q-series, Com-
munications in Mathematical Physics, 2015,
336, 811{830, 2, doi : 10.1007/s00220-
014-2224-5,
3. Kato, Akishi and Mizuno, Yuma and Terashima,
Yuji, Quiver mutation sequences and q-
binomial identities, preprint arXiv:1611.05969
III. ???? (20122016??)
1. \Quiver mutation loops and partition q-
series" Tropical geometry and related top-
ics ?????????????????
???????? 2017? 3? (??).
2. \Quiver mutation loops and partition q-
series" Tropical geometry and related top-
ics????????????? 2016? 3
?.
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3. \Quiver mutation loops and partition q-
series" International Conference on Ge-
ometry and Quantization GEOQUANT
2015 Instituto de Ciencias Matematicas
(ICMAT), Campus de Cantoblanco, Madrid,
Spain, September 18, 2015.
4. \Quiver mutation loops and partition q-
series" Low dimensional topology and num-
ber theory VII, Innovation Plaza, Mo-
mochihama, Fukuoka, Japan, 2015? 3
?.
5. \Quiver mutation loops and partition q-
series"???????????????
??????????????????
?????(?????????????
????), ??????, 2015? 3?
6. \Quiver mutation loops and partition q-
series" Representation Theory, Geome-
try and Combinatorics Seminar, Univer-
sity of California, Berkeley, USA, 2015
? 3?
7. \Quiver mutation loops and partition q-
series" Aspects of Integrability in Math-
ematics and Physics,??????, 2015
? 3?
8. \Quiver mutation loops and partition q-
series" Aspects of Integrability in Math-
ematics and Physics, ???? ????
???????, 2015? 1?
9. \Quiver mutation, partition q-series and
quantum dilogarithms"??????2014
???????????????????
?, ????, 2014? 9?
10. ??????????????????
??????? 8? ????? ????
???, ????, 2014? 2?.
11. ????????????????? (1),
(2)?Geometric zeta functions and re-
lated topics, ????, 2013? 10?.
12. ??????????????? (1), (2)?
???????, ????????, 2013
? 7?.
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?? ? (???? ???)
I. ????
????????????????????
?????????????????????
????????2016?????????? 2
?????????????????????
?????????????????????
???????????????
II. ???? (20122016??)
1. K. Kamada, T. Kobayashi, T. Takahashi,
M. Yamaguchi and J. 'i. Yokoyama,
\Generalized Higgs ination,"
Phys. Rev. D 86, 023504 (2012)
2. T. Kobayashi, M. Siino, M. Yamaguchi
and D. Yoshida,
\New Cosmological Solutions in Massive
Gravity,"
Phys. Rev. D 86, 061505 (2012)
3. X. Gao, T. Kobayashi, M. Shiraishi, M. Ya-
maguchi, J. 'i. Yokoyama and S. Yokoyama,
\Full bispectra from primordial scalar and
tensor perturbations in the most general
single-eld ination model,"
PTEP 2013, 053E03 (2013)
4. Y. -i. Takamizu and T. Kobayashi,
\Nonlinear superhorizon curvature per-
turbation in generic single-eld ination,"
PTEP 2013, no. 6, 063E03 (2013)
5. T. Narikawa, T. Kobayashi, D. Yamauchi
and R. Saito,
\Testing general scalar-tensor gravity and
massive gravity with cluster lensing,"
Phys. Rev. D 87, 124006 (2013)
6. T. Kobayashi, N. Tanahashi and M. Ya-
maguchi,
\Multi-eld G-ination,"
Phys. Rev. D 88, 083504 (2013)
7. K. Kamada, T. Kobayashi, T. Kunim-
itsu, M. Yamaguchi and J. 'i. Yokoyama,
\Graceful exit from Higgs G-ination,"
Phys. Rev. D 88, 123518 (2013)
8. S. Nishi, T. Kobayashi, N. Tanahashi
and M. Yamaguchi,
\Cosmological matching conditionsand galilean
genesis in Horndeski's theory,"
JCAP 1403, 008 (2014)
9. T. Kobayashi, H. Motohashi and T. Suyama,
\Black hole perturbation in the most gen-
eral scalar-tensor theory with second-order
eld equations II: the even-parity sec-
tor,"
Phys. Rev. D 89, 084042 (2014)
10. T. Kobayashi and N. Tanahashi,
\Exact black hole solutions in shift sym-
metric scalar-tensor theories,"
PTEP 2014, no. 7, 073E02 (2014)
11. X. Gao, T. Kobayashi, M. Yamaguchi
and D. Yoshida,
\Covariant Stuckelberg analysis of de Rham-
Gabadadze-Tolley massive gravity with
a general ducial metric,"
Phys. Rev. D 90, no. 12, 124073 (2014)
12. T. Kobayashi, Y. Watanabe and D. Ya-
mauchi,
\Breaking of Vainshtein screening in scalar-
tensor theories beyond Horndeski,"
Phys. Rev. D 91, no. 6, 064013 (2015)
13. S. Nishi and T. Kobayashi,
\Generalized Galilean Genesis,"
JCAP 1503, no. 03, 057 (2015)
14. T. Kobayashi, M. Yamaguchi and J. Yokoyama,
\Galilean Creation of the Inationary Uni-
verse,"
JCAP 1507, no. 07, 017 (2015)
15. S. Ohashi, N. Tanahashi, T. Kobayashi
and M. Yamaguchi,
10
\The most general second-order eld equa-
tions of bi-scalar-tensor theory in four
dimensions,"
JHEP 1507, 008 (2015)
16. Y. Akita and T. Kobayashi,
\Removing Ostrogradski's ghost from cos-
mological perturbations in f(R;R2 ; C
2
)
gravity,"
Mod. Phys. Lett. A 31, no. 11, 1650067
(2016)
17. K. Yajima and T. Kobayashi,
\Suppressing the primordial tensor am-
plitude without changing the scalar sec-
tor in quadratic curvature gravity,"
Phys. Rev. D 92, no. 10, 103503 (2015)
18. H. Ogawa, T. Kobayashi and T. Suyama,
\Instability of hairy black holes in shift-
symmetric Horndeski theories,"
Phys. Rev. D 93, no. 6, 064078 (2016)
19. K. Takahashi, T. Suyama and T. Kobayashi,
\Universal instability of hairy black holes
in Lovelock-Galileon theories in D di-
mensions,"
Phys. Rev. D 93, no. 6, 064068 (2016)
20. Y. Akita and T. Kobayashi,
\Primordial non-Gaussianities of gravi-
tational waves beyond Horndeski theo-
ries,"
Phys. Rev. D 93, no. 4, 043519 (2016)
21. S. Nishi and T. Kobayashi,
\Reheating and Primordial Gravitational
Waves in Generalized Galilean Genesis,"
JCAP 1604, no. 04, 018 (2016)
22. T. Kobayashi,
\Generic instabilities of nonsingular cos-
mologies in Horndeski theory: A no-go
theorem,"
Phys. Rev. D 94, no. 4, 043511 (2016)
III. ???? (20122016??)
1. \Vainshtein mechanism in the most gen-
eral scalar-tensor theory,"
Nonlinear massive gravity theory and its
observational test (YITP, ??, 7 ? 31
?, 2012)
2. \Vainshtein mechanism in Horndeski's gen-
eral scalar-tensor theory (and in massive
gravity),"
Mini-workshop \Massive gravity and its
cosmological implications" (IPMU,?, 4
?, 2013)
3. \Cosmology of Generalized Galileons,"
GR20/Amaldi10 (?????, ????
?, 7? 9?, 2013)
4. \Horndeski's theory: a unied descrip-
tion of modied gravity,"
JGRG23 (????, 11? 5?, 2013)
5. \Vainshtein mechanism in the Horndeski
theory and beyond,"
Relativistic Cosmology (???????
?????, 9? 9?, 2014)
6. \Generalized Galilean Genesis,"
CosPA 2014 (Auckland, New Zealand,
12? 9?, 2014)
7. \Galilean Creation of the Inationary Uni-
verse,"
MG14 (Rome, Italy, 7? 14?, 2015)
8. \Galilean Creation of the Inationary Uni-
verse,"
Second LeCosPA International Sympo-
sium Everything About Gravity (Taipei,
Taiwan, 12? 15?, 2015)
9. \Primordial non-Gaussianities of gravi-
tational waves beyond Horndeski,"
21st International Conference on Gen-
eral Relativity and Gravitation (Columbia
University, New York, US, 7 ? 11 ?,
2016)
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10. \Generic instabilities of non-singular cos-
mologies in Horndeski theory: a no-go
theorem,"
JGRG26 (??????, 10?24?, 2016)
11. ?? ?, ????, ?? ?, ????, ?
???
\Generalized Higgs ination,"
?????????? (??????, ?
??, ??, 2012)
12. Xian Gao, ?? ?, ????, ????,
????, ?????
\Full bispectra from primordial scalar and
tensor perturbations in the most general
single-eld ination model,"
?????????? (????, ???
?, 3?, 2013)
13. ?? ?, ????, ????
\Multi-eld G-ination,"
?????????? (????,???,
9? 21?, 2013)
14. \The most general second-order scalar-
tensor theory,"
? 2?????????????? (??
???, 12? 5?, 2013)
15. \????????,"
?????????????? { ???
??????????????? { ??
???? 2014 (?????????, 6?
3?, 2014)
16. ?? ?, ????
\Exact black hole solutions in shift sym-
metric scalar-tensor theories,"
?????????? (????,???,
9? 20?, 2014)
17. ?? ?, ????, ????
\Breaking of Vainshtein screening in scalar-
tensor theories beyond Horndeski,"
?????????? (?????, 3?
21?, 2015)
18. ?? ?, ????, ????
\Galilean Creation of the Inationary Uni-
verse,"
?????????? (??????, 9
? 27?, 2015)
IV. ??? (????)
1. ? 19?????????? (2013??)
12
???? (??? ???)
I. ????
?????????????????????
????????. 2016 ?????????
???????????, ?????????
?????????????????????
??????????? (????? (???
?)?????? (???)??????). ??
???-???????? GL2(C) ?????
?, ???????? poly-Bernoulli ????
??????????????????? (?
???? (???)??????).
II. ???? (20122016??)
1. Y. Komori and H. Tsumura, On Arakawa{
Kaneko zeta-functions associated with GL2(C)
and their functional relations, J. Math.
Soc. Japan, to appear.
2. H. Furusho, Y. Komori, K. Matsumoto
and H. Tsumura, Fundamentals of p-adic
multiple L-functions and evaluation of
their special values, Selecta Math., to
appear.
3. H. Furusho, Y. Komori, K. Matsumoto
and H. Tsumura, Desingularization of
complex multiple zeta-functions, Amer.
J. Math., to appear.
4. H. Furusho, Y. Komori, K. Matsumoto
and H. Tsumura, Desingularization of
multiple zeta-functions of generalized Hurwitz{
Lerch type, RIMS Kokyuroku Bessatsu,
to appear.
5. Y. Komori, Y. Masuda and M. Noumi,
Duality transformation formulas for mul-
tiple elliptic hypergeometric series of type
BC, constr. approx., 44 (3), 483{516.
6. Y. Komori, K. Matsumoto and H. Tsumura,
Zeta-functions of weight lattices of com-
pact semisimple connected Lie groups,
Siauliai Math. Semin., 10 (18) (2015),
149{179.
7. H. Ki, Y. Komori and M. Suzuki, On the
zeros of Weng zeta functions for Cheval-
ley groups, Manuscripta Math., 104 (2015),
119{176.
8. Y. Komori, K. Matsumoto and H. Tsumura,
Innite series involving hyperbolic func-
tions, Lith. Math. J, 55 (2015), 102{118.
9. Y. Komori, K. Matsumoto and H. Tsumura,
On Witten multiple zeta-functions asso-
ciated with semisimple Lie algebras V,
Glasg. Math. J, 57 (2015), 107{130.
10. Y. Komori, K. Matsumoto and H. Tsumura,
Lattice sums of hyperplane arrangements,
Comment. Math. Univ. St. Pauli, 63 (2014),
161{213.
11. Y. Hironaka and Y. Komori, Spherical
functions on the space of p-adic unitary
hermitian matrices II, the case of odd
size, Comment. Math. Univ. St. Pauli,
63 (2014), 47{78.
12. Y. Komori, K. Matsumoto and H. Tsumura,
A study on multiple zeta values from the
viewpoint of zeta-functions of root sys-
tems, Funct. Approx. Comment. Math.,
51 (2014), 43{46.
13. Y. Komori, K. Matsumoto and H. Tsumura,
Hyperbolic-sine analogues of Eisenstein
series, generalized Hurwitz numbers, and
q-zeta functions, ForumMath., 26 (2014),
1071{1115.
14. Y. Hironaka and Y. Komori, Spherical
functions on the space of p-adic unitary
hermitian matrices, Int. J. Number The-
ory, 10 (2014), 513{558.
15. Y. Komori, Functional equations of Weng's
zeta functions for (G;P )=Q, Amer. J.
math., Vol. 135, No. 4 (2013), 1019{1038.
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16. Y. Komori, K. Matsumoto and H. Tsumura,
Barnes multiple zeta-functions, Ramanu-
jan's formula, and relevant series involv-
ing hyperbolic functions, J. Ramanujan
Math. Soc., Vol. 28, No. 1 (2013), 49{69.
17. Y. Komori, K. Matsumoto and H. Tsumura,
On Witten multiple zeta-functions asso-
ciated with semisimple Lie algebras III,
in Multiple Dirichlet Series, L-functions
and Automorphic Forms, Progress in Math-
ematics, 2012, Vol. 300, pp. 223{286.
18. Y. Komori, K. Matsumoto and H. Tsumura,
Functional relations for zeta-functions of
weight lattices of Lie groups of type A3,
in Analytic and Probabilistic Methods in
Number Theory, edited by E. Manstavi-
cius et al., TEV, 2012, pp. 151{172.
III. ???? (20122016??)
1. ?? ?, ??-???????? GL2(C)
??????????????, (???
???????, 2016? 12? 3?, ??
??).
2. Y. Komori, Zeta-functions of root sys-
tems and Poincare polynomials of Weyl
groups, (Problems and Prospects in An-
alytic Number Theory, 2016? 10? 31
?, ????).
3. ???, On Arakawa{Kaneko zeta-functions
associated with GL2(C) and their func-
tional relations, (????????, 2016
? 6? 17?, ?????).
4. ?? ?, ??????????????,
(??????????, 2015? 10? 17
?, ?????).
5. Y. Komori, Lattice sums of hyperplane
arrangements and their applications, (French-
Japanese Workshop on multiple zeta func-
tions and applications, 2015? 9? 7?,
St-Etienne, France).
6. ???,???????????????
?????????, (????????,
2014? 2? 27?, ?????).
7. ?? ?, ??????????????
??????, (??????, 2013? 11
? 20?, ??????).
8. Y. Komori, Desingularization of complex
multiple zeta-functions and fundamen-
tals of p-adic multiple L-functions I, (2013
?????????, 2013? 7? 24?,
????).
9. ?? ?, ??????????????
??????, (???????????
????? 13?????, 2012? 12?
5?, ????).
10. Y. Komori, Zeta-functions of weight lat-
tices of compact connected semisimple
Lie groups, (2012 Conference on L-functions,
2012? 8? 24?, Jeju, Korea).
IV. ??? (????) ??.
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???? (???? ????)
I. ???? (1) ??????????? ; ?
?????????????????????
quiver ??????????????????
quiver??????????????????
?????????????????????
?????????????????????
?????????????????????
?????????????????????
?????????????????????
???????????????
(2) ????????????? ; sl2???
?????????????????????
?????????????????????
?????????????????????
???????????????sl2?????
?????????????????????
?????????????????????
(3) ???????????????? ; ?
?????????????????????
??????????????????????
?????????????????????
????shifted Jack???????????
????????? q-KZ?????????
??????????
II. ???? (20122016??)
1. Yoshiihsa Saito, \Quantized coordinate
rings, PBW-type bases and q-boson al-
gebras, J. Alg. 453 (2016), 456-491.
2. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, III: Proof of the
connectedness", Symmetries, Integrable
Systems and Representations, Springer
Proceedinds in Mathematics and Statis-
tics 40 (2013), 361-402.
3. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, I: Construction of
ane analogs", Contemp. Math. 565
(2012), 143-184.
4. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, II: Expicit descrip-
tion", Contemp. Math. 565 (2012), 185-
216.
5. Yoshihisa Saito ; \Mirkovic-Vilonen poly-
topes and a quiver construction of crys-
tal basis in type A", Int. Math. Res.
Not. 2012 (17), 3877-3928.
III. ???? (20122016??)
1. Realization of crystal bases, The 2nd mini-
symposium on Representation theory, Jeju
(Keora), December, 2012.
2. PBW basis, quantum coordinate rings
and q-boson algebras, ICM2014 Satel-
lite Conference on Representation the-
ory and related topics, Daegu (Korea),
August, 2014?
3. PBW basis, quantum coordinate rings
and q-boson algebras, Shanghai Work-
shop on Representation theory, Shnaghai
(China), December, 2014?
4. Geometric construction of crystal bases
and its applications ,Tongji University,
Shanghai (China), October, 2015.
5. On Elliptic Artin Groups, Shanghai Con-
ference on Representation Theory, Shnaghai
(China), December, 2015?
6. Quantized enveloping algebras and their
representations, UC. Berkeley (USA), Novem-
ber, 2016?
IV. ??? (????)
15
?? ?? (??? ???)
I. ????
????????????????????
N M ?????????????????
??????????????????? Popa-
Shlyakhtenko-Vaes ????????????
????????????????????
????????????????????
????????????????????
?????????????????????
?? N  M ?????? 2???????
NMN ;MMM ???????????????
?????????????????????
??? 2-? C????????????????
NMN ;MMM ??????Davydov-Yetter?
?????????????????????
????H3(NMN ) = H3(MMM ) = 0???
??????????Ocneanu rigidity??
?????Davydov-Yetter ???????
???2-??????????????????
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立教大学 数理物理学研究センター              第 1 回セミナー 
 
 
 
３次元臨界イジング模型の解と共形ブートストラップ 
中山 優 氏 
立教大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 4 月 27 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
 
 
 
 
 
― 概要 ― 
近年、共形ブートストラップの目覚ましい発展によって、３次元臨界イジング模
型の臨界指数について私達の理解は急速に進展した。本講演では、なぜ３次元臨
界イジング模型に共形対称性が期待できるか？を議論しながら、３次元臨界イジ
ング模型の臨界指数が共形対称性という仮定だけから決まってしまう事実を解説
したい。また、講演者による３次元実射影空間上での臨界イジング模型を共形ブ
ートストラップを用いて解く試みについても紹介する。３次元平坦時空上での共
形ブロックは Heckman-Opdam 超幾何関数という難しい関数であるが、射影空
間上ではガウスの超幾何関数であり、共形ブートストラップ方程式はより簡単に
解ける。この辺りの可積分構造や AdS/CFT との関連にも触れたい。 
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立教大学 数理物理学研究センター              第２回セミナー 
 
 
 
巡回的組合せ論と Cherednik 代数 
 
鈴木武史 氏 
岡山大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 5 月 11 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
 
 
 
 
 
― 概要 ― 
周期性を持った無限個の箱からなる skew Young ダイヤグラム上の組合せ論と, その表現論
への応用について紹介する。周期的ダイヤグラム上の標準盤により Cherednik 代数の既約
表現の基底と代数の生成元の作用が明示的に記述されること, さらに、それらの表現のある
分岐則が, 周期的ダイヤグラム上の平面分割によって記述されることを見る。 
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立教大学 数理物理学研究センター              第３回セミナー 
 
 
 
Surface defects from integrable lattice model 
 
丸吉一暢 氏 
成蹊大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 5 月 25 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
 
 
― 概要 ― 
The supersymmetric index of a 4d N = 1 theory realized by a brane tiling coincides with the 
partition function of an integrable 2d lattice model. We propose that a class of half-BPS 
surface defects in the 4d theory are represented in the lattice model as transfer matrices 
constructed from L-operators.  For a surface defect labeled by the fundamental 
representation of SU(2) in the 4d theory with SU(2) gauge groups, we identify the relevant 
L-operator as that discovered by Sklyanin in the context of the eight-vertex model.  
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We perform nontrivial checks against the residue computation in class S and class S_k 
theories. The corresponding transfer matrix unifies 2k difference operators obtained for class 
S_k theories into a one-parameter family of difference operators. 
立教大学 数理物理学研究センター              第４回セミナー 
 
 
Perfect state transfer: perspectives of quantum 
teleportation on spin chains 
 
Alexei Zhedanov 氏 
Donetsk Institute for Physics and Technology 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年６月９日（木）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
 
 
― 概要 ―  
Perfect state transfer (PST) is a possibility to transfer initially prepared pure 
quantum state (qubit) from one end of the XY spin chain to another.  
This process is assumed to be an important counterpart of quantum computers. 
We describe some mathematical problems and algorithms related with this 
problem. Some explicit examples of PST give rise to new families of "classical" 
orthogonal polynomials - para-Krawtchouk and para-Racah polynomials. 
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立教大学 数理物理学研究センター              第５回セミナー 
 
 
 
5-brane webs and 6d SCFTs 
 
林 博貴 氏  
東海大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年６月 22 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
One important question in 5d gauge theories is which 5d gauge theories are 
UV complete. In particular, 5d gauge theories can have a 6d UV fixed point and 
it is highly non-trivial to identify such 5d theories. For example, it had not been 
known whether a 5d SU(N) gauge theory (N > 2) with some flavors have a 6d 
UV fixed point. We address this issue by using 5-brane webs in type IIB string 
theory. Indeed, 5-brane webs realize a large class of new UV complete 5d 
gauge theories that have a 6d UV fixed point. The string theory method gives a 
direct way to identify the 6d UV completion. Furthermore, this construction also 
indicates various new dualities among 5d gauge theories. Our analysis largely 
expands the landscape of UV complete 5d gauge theories.  
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立教大学 数理物理学研究センター              第６回セミナー 
 
 
 
 A-infinity 代数の幾何学への応用について 
 
梶浦 宏成 氏 
千葉大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年７月６日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
A-infinity 代数は次数つき微分代数（DG代数）の一般化であって高次の積を
持つものである．幾何学において， 
・この高次の積構造がどのようなところにあらわれるか？ 
・DG代数と比べて A-infinity代数を扱う利点は何か？ 
ということについて，主に有理ホモトピー論と圏論的ミラー対称性における例
において説明したい． 
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立教大学 数理物理学研究センター              第 7 回セミナー 
 
 
 
Lefschetz Thimble 上の経路積分と 
モンテカルロ法シミュレーション 
菊川 芳夫 氏 
東京大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年７月 13 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
格子模型の経路積分を Lefschetz thimbles によって定義し、モンテカルロ法シミュレーショ
ンの符 z 問題を回避する試みについて、これまでの結果を紹介し、課題を議論する。 
Lefschetz thimble 上のモンテカルロ法の一つの定式化では、thimble 上の配位を gradient 
flow の方向と時間によって一意に記述し，分子動力学には thimble 上に拘束された力学系を
採用する。また，複素化された場の空間における経路積分測度に伴う位相因子の寄与は，
reweighting によって取り込む。このアルゴリズムを有限密度-複素スカラー場理論に適用し，
特に，経路積分測度に現れる位相因子の振る舞いを検証する。また、格子 QCD の低温-高密
度領域への応用について展望するため、 
有限密度 0+1 次元 Thrring 模型における Lefschetz thimbles の構造を詳しく解析し、モン
テカルロ法の適用可能性を検証する。 
 
35
立教大学 数理物理学研究センター              第８回セミナー 
 
 
 
結び目理論の応用について 
下川 航也 氏 
埼玉大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年９月２８日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
環状 DNA や多環状高分子化合物は、結び目、絡み目や空間グラフの構造を持ち、以前から、
結び目理論が応用されている。最近では、DNAの組換えと環状渦のトポロジーの変化
（reconnection）の類似性が指摘されていて、環状渦などにも応用が及んでいる。また、高
分子化合物は格子結び目などでモデル化され、その統計力学的性質が議論されている。この
講演では、それらの数学的モデル化と、結び目理論を応用して得られた結果を紹介する。 
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立教大学 数理物理学研究センター              第 9 回セミナー 
 
 
 
Exact Path Integral for 3D Quantum Gravity 
飯塚 則裕 氏 
大阪大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 10 月 12 日（水）16 時 00 分‐17 時 30 分 
 
 
 
 
 
 
 
― 概要 ―  
 
３次元（空間２次元＋時間１次元）量子重力を厳密に解く事は現実の４次元の量子重力を理
解するための試金石である。本講演では、３次元重力理論が少なくとも古典的には３次元チ
ャーンサイモンズ理論と等価である事、および３次元チャーンサイモンズ理論が量子論的に
は局所化という手法を用いる事によって厳密に経路積分を行って量子論的に解く事が可能
である事を利用し、３次元重力理論の分配関数の計算をある仮定の下で厳密に行う事ができ
ることを示す。得られた分配関数は双対な２次元境界場の理論の真空およびプライマリーオ
ペレーターのキャラクターで表す事ができ、特殊なセントラルチャージの場合、Witten が予
想した J-関数に一致する事が確かめられる。また、これらの計算手法を３次元でスピンが３
以上の場を含む重力理論に拡張し、その場合でも分配関数を求める事に成功し、その分配関
数が双対な境界場の理論の W_N 対称性の表現になっている事を示す。 
なお本講演は、理化学研究所の田中氏と京都大学基礎物理学研究所の寺嶋氏、およびイスラ
エル Weizmann 研究所の本多氏との共同研究に基づきます。 
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立教大学 数理物理学研究センター              第 10回セミナー 
 
 
 
Schramm-Loewner 発展 (SLE)とその拡張 
 堺 和光 氏 
 東京理科大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 10 月 26 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
２次元において， 臨界パーコレーションや，イジング模型の臨界点でのスピンクラスター
境界などは，「共形不変な確率過程」と捉え直すことができる．これら，２次元共形不変な
確率過程は Schramm-Loewner発展 (SLE) とよばれる発展方程式で直接的に記述できること
が知られている．一方，２次元臨界現象は共形場理論 (CFT)で統一的に記述され，SLEと CFT
の対応も理解されている．本講演では，SLE，および CFTとの関係をレビューし，さらに SLE
の拡張や応用に関する最近の進展を紹介する． 
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立教大学 数理物理学研究センター             第１1 回セミナー 
 
 
 
 
１次元量子臨界系のサイン二乗変形 
 
桂 法称 氏 
 
東京大学 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 11 月 9 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
― 概要 ― 
サイン二乗変形(SSD)とは、量子系のハミルトニアンの局所的エネルギースケールを、サイ
ン二乗関数にしたがって空間的方向に変調させる変形操作である。SSDにより、一様周期境
界条件を課した系のハミルトニアンは、開放境界条件を課した空間的に非一様なハミルトニ
アンへと変形される。しかしながら、空間次元１次元で系が臨界的な場合には、この変形後
のハミルトニアンの基底状態は、変形前の一様周期的な基底状態からほとんど変化しないと
いうことが、現在までに明らかにされている。特に講演者は、臨界的な XYスピン鎖や横磁
場 Ising模型においては、両者の基底状態が厳密に一致することを示している。また、ディ
ラック・フェルミオン系や一般の(1+1)次元の共形場理論についても、適切に SSDを定義す
れば、やはり一様周期系と SSD系の基底状態が一致するという結果を紹介する。時間が許せ
ば、SSD系の励起状態についての結果についても紹介する。 
39
立教大学 数理物理学研究センター              第 12回セミナー 
 
 
 
可解な量子力学と新しい直交多項式  
 
佐々木隆 氏 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 12 月 7 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
可解な 1 次元量子力学の固有関数は直交関数系を成し， 
その中心部分は直交多項式である．しかるに，2 階の微分方程式を満たす 
直交多項式は，古典直交多項式（Hermite,Laguerre,Jacobi,Bessel の 4 種） 
に限られる（Bochner). この制限を避けるために，Hamiltonian (Schr¥"odinger 作用素） 
として，2 階の差分演算子も含めた量子力学を作り，いわゆる Askey-scheme の 43 個の 
直交多項式の統一理論を構成した． 
更に，Askey scheme の多項式の変形として，最低次が$¥ell(¥ge1)$次から始まる完備な新
しい直交多項式の無限個の種類を，固有関数として持つ量子力学系を構成した． 
これらの話の概要を簡単に紹介する． 
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立教大学 数理物理学研究センター              第 13回セミナー 
 
 
 
Heterotic--Type IIA duality の離散データの対応  
 
渡利 泰山 氏 
東京大学（Kavli IPMU） 
 
場所：立教大学理学部 4 号館 4 階 4407 号室 
日時：2016 年 12 月 21 日（水）16 時 40 分‐18 時 10 分 
 
 
 
 
 
 
 
― 概要 ―  
 
Heterotic 弦理論と Type IIA 弦理論のコンパクト化の間の双対性は、90年代の後半に大
きく理解が進展した。非常に面白そうな現象なので、よりよく理解するために、私自身は自
分の手でつつきまわしながら勉強を始めたところです。 
双対性の両側でコンパクト化の離散データがどのように対応すべきか、ということについて
既存の文献よりは少し理解が進んだので、その結果を報告します。  
arXiv:1604.06437 (Braun, Watari) に基づく。 
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Date: 
January 6 (Fri) - 9 (Mon), 2017
Venue: 
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International Symposium
Frontiers in Mathematical Physics
January 6 (Fri.) - 9 (Mon.), 2017
M302, McKim Hall (bldg. 15), Rikkyo University
Titles and Abstracts
?
January 6 (Fri)
Igor Klebanov (Princeton)
Title: Random Tensors and Melonic Large N Limits
Abstract: TBA
Zohar Komargodski (Weizmann)
Title: An Anomaly in Yang-Mills Theories and Its Implications
Abstract: TBA
Kazuhiro Hikami (Kyushu)
Title: q-Series and Quantum Invariants
Abstract: Recent studies show that quantum invariants of knots and 3-manifolds have
rich structures related to geometry, combinatorics, modular forms and so on. We will talk
about ?quantum modular form? as a modular property of quantum invariants.
Yuji Tachikawa (IPMU)
Title: Time-Reversal Anomalies of 2+1d Quantum Field Theories
Abstract: It is an old fact that the anomalies of continuous symmetries of d dimen-
sional theories are captured by Chern-Simons terms in (d+1) dimensions. It is a natural
question, then, how this fact can be generalized to the case of the anomalies of discrete
1
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symmetries such as the time reversal. In the last few years, a series of developments
originated in condensed-matter physics led to an answer to this question in terms of the
cobordism theory: an old subject in mathematics hitherto rarely used in physics. After
reviewing this interesting developments, I discuss the specific case of the time-reversal
anomalies of 2+1d quantum field theories, in particular topological quantum field theo-
ries, based on my collaboration with K.Yonekura.
January 7 (Sat)
Philippe DiFrancesco (Sacley)
Title: Macdonald Operators, from Cluster Algebra to Elliptic Hall Algebra
Abstract: We introduce generalized Macdonald difference operators that interpolate be-
tween quantum cluster algebras associated to A-type Q-systems and the so-called Elliptic
Hall, or Ding-Iohara-Miki algebra which play a central role in the so-called AGT conjec-
ture.
Shota Komatsu (Perimeter)
Title: Hexagonalization of Correlation Functions in N=4 Super Yang-Mills
Abstract: I will discuss a nonperturbative framework to study general correlation func-
tions of single-trace operators in N=4 supersymmetric Yang-Mills theory at large Nc.
The basic strategy is to decompose them into fundamental building blocks called the
”hexagons”, introduced earlier to study structure constants using integrability. The de-
composition is akin to a triangulation of a Riemann surface, and we thus call it hexago-
nalization. We propose a set of rules to glue the hexagons together based on symmetry,
which naturally incorporate the dependence on the conformal and the R-symmetry cross
ratios. Our method is conceptually different from the conventional operator product ex-
pansion and automatically takes into account multi-trace operators exchanged in OPE
channels. I will explain how the method works in practice using simple examples at one
loop.
Tadashi Takayanagi (Yukawa)
Title: From Path-Integral to Tensor Networks for AdS/CFT
Abstract: Starting from wave functionals in Conformal Field Theories, we would like to
2
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explain how we can obtain anti de-Sitter space, which may suggest a new interpretation
of AdS/CFT. We would also like to discuss a connection to the tensor network description
of AdS/CFT.
Shiraz Minwalla (Tata)
Title: Black Hole Dynamics at Large D
Abstract: TBA
Masato Okado (Osaka City)
Title: Integrable Stochastic Models and Quantum Groups
Abstract: Using standard techniques of quantum integrable systems, such as quantum
group symmetry, commuting transfer matrices, Zamolodchikov-Faddeev algebra, we ex-
plore stochastic models that are integrable. The model we fished up is a zero range process
on a periodic chain whose local transition rate is related to the quantum R matrix for
the symmetric tensor representations of the quantum group Uq(ŝln). We then construct a
q-boson representation of the Zamolodchikov-Faddeev algebra, and express the stationary
probabilities in terms of traces of products of q-bosons over a multiple tensor product of
Fock spaces. This talk is based on joint works with Kuniba, Mangazeev and Maruyama.
January 8 (Sun)
Vladimir Bazhanov (ANU)
Title: Bukhvostov-Lipatov Model and Duality of Quantum and Classical Systems
Abstract: Bukhvostov and Lipatov have shown that weakly interacting instantons and
anti-instantons in the O(3) non-linear sigma model in two dimensions are described by
an exactly soluble model containing two coupled Dirac fermions. We propose an exact
formula for the vacuum energy of the model for twisted boundary conditions, expressing
it through a special solution of the classical sinh-Gordon equation. The formula perfectly
matches predictions of the standard renormalized perturbation theory at weak couplings
as well as the conformal perturbation theory at short distances. A complete proof the
proposed expression for the vacuum energy is based on a combination of the Bethe ansatz
techniques and the classical inverse scattering transform method. The description of the
vacuum state of the quantum model in terms of the classical sinh-Gordon equation can be
3
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viewed as an instance of a remarkable, albeit unusual correspondence between integrable
quantum field theories and integrable classical field theories in two dimensions, which
cannot be expected from the standard quantum?classical correspondence principle.
Tomoki Nakanishi (Nagoya)
Title: Dilogarithm Identities in Cluster Algebras from Hamiltonian/Lagrangian Point of
View
Abstract: It is known that the Euler dilogarithm is built into a cluster algebra as a Hamil-
tonian of the infinitesimal mutation. We show how the dilogarithm identity associated
with a period of mutations in a cluster algebra arises from Hamiltonian/Lagrangian point
of view. (Based on the joint project with M. Gekhtman and D. Rupel.)
Reference: Michael Gekhtman, Tomoki Nakanishi, Dylan Rupel, Hamiltonian and La-
grangian formalisms of mutations in cluster algebras and application to dilogarithm iden-
tities,
Kazumi Okuyama (Shinshu)
Title: Quantization of Local P2
Abstract: It is conjectured that the structure of non-perturbative effects found in ABJM
theory on S3 can be generalized to topological strings on local Calabi-Yau. In particular,
Fredholm determinant of the inverse operator of quantized mirror curve can be thought of
as a non-perturbative definition of topological string partition function. As an example,
we study the case of local P2 in detail.
Rajesh Gopakumar (ICTS)
Title: Conformal Bootstrap in Mellin Space
Abstract: We describe a new approach towards analytically solving for the dynamical
content of Conformal Field Theories (CFTs) using the bootstrap philosophy. This com-
bines the original bootstrap idea of Polyakov with the modern technology of the Mellin
representation of CFT amplitudes. We illustrate the power of this method in the epsilon
expansion of the Wilson-Fisher fixed point by reproducing anomalous dimensions and
obtaining OPE coefficients to higher orders in epsilon than currently available using other
analytic techniques (including Feynman diagram calculations). Our results enable us to
get a somewhat better agreement of certain observables in the 3d Ising model, with the
4
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precise numerical values that have been recently obtained.
Ivan Corwin (Columbia)
Title: Stochastic Quantum Integrable Systems
Abstract: We will describe how ideas for quantum integrable systems lead to simple prob-
abilistic systems which illuminate our understanding of certain universality classes.
January 9 (Mon)
David Simmons-Duffin (IAS)
Title: On the 3d Ising Spectrum
Abstract: I will discuss some new results on the spectrum of the conformal field theory
that describes the 3d Ising model at criticality.
Kazuo Hosomichi (Taiwan)
Title: Vortex Defects in 2D SUSY Gauge Theories
Abstract: We extend the localization techniques developed for sphere partition functions
of 2D N=(2,2) SUSY theories to study the 1/2 BPS vortex defects. We present an exact
formula for their two-point functions. Restricting to abelian GLSMs, we also show that
the twisted chiral ring relations and Picard-Fuchs differential equations arise from their
properties in an interesting way.
Jean-Sebastien Caux (Amsterdam)
Title: Dynamics and Relaxation in Integrable Quantum Systems
Abstract: Recent years have witnessed rapid progress in the use of integrability in charac-
terizing the out-of-equilibrium dynamics of low-dimensional systems such as interacting
atomic gases and quantum spin chains. This talk will provide an introduction to these
developments, with a particular focus on the Quench Action method. Exact solutions to
the interaction turn-on quench in the Lieb-Liniger model and to the Neel-to-XXZ quench
5
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in spin chains will be presented. Particular emphasis will be given to interesting open
issues and challenges from the mathematical physics perspective, including overlaps be-
tween eigenstates of distinct Hamiltonians, the failure of the (local) Generalized Gibbs
Ensemble to properly describe post-quench steady-state properties and the necessity to
include quasilocal conserved charges to obtain correct answers.
Kazumasa Takeuchi (TITECH)
Title: Integrability and Universality Behind a Random Growth Experiment
Abstract: When an interface between two different regions moves under fluctuating envi-
ronments, it typically develops scale-invariant fluctuations, described by a set of scaling
laws. The simplest generic case is known as the Kardar-Parisi-Zhang (KPZ) universality
class, which turned out to have important connections to integrable systems in 1+1 di-
mensions [1]. Detailed statistical properties were thereby determined, which are moreover
universal, beyond the integrable models, so that they can be tested and indeed identified
in a real experiment of growing interfaces [2]. In the talk, I will first review such devel-
opments on KPZ along an experimental observation I made [2], stressing connections to
integrability (e.g., Lieb-Liniger model), combinatorics (e.g., random permutation), and
random matrix theory (e.g., GUE and GOE largest eigenvalue) [1]. Then I argue that
time correlation has remained unsolved in this context, but experimentally, curious per-
sistence of correlation was observed [2]. This problem was finally given an analytical
expression [3], again on the basis of the integrable structure, which was found to agree
with experimental observations. The first experiment [2] was carried out in collaboration
with M. Sano, and the work on time correlation [3] was with J. De Nardis and P. Le
Doussal.
[1] For a review, see I. Corwin, Rand. Mat. Theory Appl. 1, 1130001 (2012).
[2] K. A. Takeuchi and M. Sano, Phys. Rev. Lett. 104, 230601 (2010); J. Stat. Phys.
147, 853 (2012).
[3] J. De Nardis, P. Le Doussal, and K. A. Takeuchi, arXiv:1611.04756.
Herbert Spohn (Munich)
Title: Six-Vertex Model at Its Conical (KPZ) Point
Abstract: We consider the half infinite six-vertex model at its conical point, which is re-
lated to the Kardar-Parisi-Zhang equation with spatially homogeneous but non-stationary
initial conditions for the slope. A novel family of universal distributions is reported. This
is joint work with S. Chhita and P.L. Ferrari.
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  Random Tensor Models and 
Melonic Large N Limits 
 
Igor Klebanov 
 
 
 
Talk at  Symposium 
Frontiers in Mathematical Physics 
 
 Rikkyo University  
January 6, 2017 
 
 
Talk mostly based on  
 
• IK, G. Tarnopolsky, “Uncolored Random Tensors, 
Melon Diagrams, and the SYK models,” 
arXiv:1611.08915 
• These slides were prepared in collaboration with 
Grigory Tarnopolsky. 
 
 
 
 
 
 
 
 
 
Large N Limits 
• An important theoretical tool is the study of 
certain models in the limit of a large number 
of degrees of freedom.  
• One class of such large N limits is for theories 
where fields transform as vectors under O(N) 
symmetry with actions like 
 
 
• The O(N) theory is solvable in the limit where 
N is sent to infinity while keeping gN fixed. 
‘t Hooft Limit and Planar Graphs 
• Another famous large N limit is for theories of 
N x N matrices with single-trace interactions, 
where only the planar Feynman diagrams 
survive. 
• This has been explored widely in the context 
of large N QCD: SU(N) gauge theory coupled 
to matter.  
• The ‘t Hooft double  line                                          
notation is very helpful: 
Matrix Quantum Mechanics 
• A well-known solvable model is the QM of a 
hermitian NxN matrix with SU(N) symmetry 
 
• The partition function 
 
 
  is dominated by planar graphs like 
• Reviewed in hep-th/9108019,  
    the 19th paper in arXiv. 
 
 
 
 
Discretized Random Surfaces 
• The dual graphs are made of 
triangles. The limit where 
Feynman graphs become large 
describes two-dimensional 
quantum gravity coupled to a 
massless scalar field. 
• But the model seems too 
simple to provide useful 
information about quantum 
black holes. 
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Product Groups 
• Another class of matrix models: theories of  
real matrices Mab with distinguishable indices, 
i.e. in the bi-fundamental representation of 
O(N) x O(N) symmetry.  
• The interaction must be quartic: g tr MMTMMT  
• Propagators are represented by colored 
double lines, and the interaction vertex is 
 
• In the large N limit 
where gN is held fixed 
we again find planar 
Feynman graphs, but 
now each index loop 
may be red or green. 
• The dual graphs shown 
in black may be thought 
of as random surfaces 
tiled with squares whose 
vertices have alternating  
colors (red, green, red, 
green). 
 
a1b1c1
a1b2c2
c1b2a2
c2b1a2
a
bc
a
bc
• For a 3-tensor with distinguishable indices the 
propagator has index structure 
 
• It may be represented graphically by 3 colored 
wires  
• An interaction with O(N)xO(N)xO(N) symmetry  
From Bi- to Tri-Fundamentals Cables and Wires 
• The Feynman graphs of the quartic field 
theory may be resolved in terms of the 
colored wires (triple lines) 
• The dual graphs may be represented by 
tetrahedra glued along the triangular faces. 
The sides of each triangle have different 
colors. 
Discretized 3-Geometries 
• The study of similar Random Tensor Models was 
initiated long ago with the goal of generating a 
class of discretized Euclidean 3-dimensional 
geometries. Ambjorn, Durhuus, Jonsson; N. Sasakura; M. Gross 
• The original models involved 3-index tensors 
transforming under a single O(N) group. Their 
large N limit is hard to analyze. 
• Since 2009 major progress was achieved by 
Razvan Gurau and others, who found models 
with multiple O(N) symmetries which possess a 
new “melonic” large N limit. Gurau, Rivasseau, Bonzom, Ryan, 
Tanasa, Carrozza, … 
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• The 3-geometry interpretation emerges 
directly is we associate each 3-index tensor 
with a face of a tetrahedron 
 
 
 
 
 
• Wick contractions glue a pair of triangles in a 
special orientation: red to red, blue to blue, 
green to green.   
 
φa1b2c2
φa1b1c1
φa2b2c1
φa2b1c2
a1
a2
c2
c1
b1
b2
Melonic Graphs 
• In some models with multiple O(N) or U(N) 
symmetries only melon graphs survive in the 
large N limit where l is held fixed.  
 
 
 
• Remarkably, these graphs may be summed 
explicitly, so the “melonic” large N limit is exactly 
solvable! 
• The dual structure of glued tetrahedra is 
dominated by the branched polymers, which is 
only a tiny subclass of 3-geometries. 
• Most Feynman graphs in the quartic field theory 
are not melonic are therefore subdominant in the 
new large N limit, e.g. 
 
 
 
 
 
• Scales as 
• None of the graphs with an odd number of 
vertices are melonic. 
 
 
 
Non-Melonic Graphs • Here is the list of vacuum graphs up to 6 
vertices Kleinert, Schulte-Frohlinde 
 
 
 
 
 
 
 
• Only 4 out of these 27 graphs are melonic. 
• ‘’Forgetting ” one  color we get a double-line 
graph. 
 
 
 
• The number of loops in a double-line graph is                      
                        where      is the Euler characteristic, 
    is the number of edges, and     is the number of 
vertices,  
 
• If we erase the blue lines we get  
 
 
 
 
 
 
Why Do the Melons Dominate? • Adding up such formulas we find 
 
• The total number of index loops is 
 
• The genus of a graph is 
•  Since            , for a “maximal graph” which 
dominates at large N all its subgraphs must 
have genus zero: 
• Scales as 
• In the 3-tensor models                       must be 
held fixed in the large N limit. 
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Digression: M5-Branes 
• The number of degrees of freedom on N 
coincident M5-branes scales as N3, just as in 
the 3-tensor models. IK, Tseytlin 
• It was speculated that the 3-index objects are 
M2-branes with 3 boundaries attached to 3 
different M5-branes.  
 
 
• We classify all loops in a graph according to 
how many vertices they pass through. We 
denote by             the number of loops, which 
pass through s vertices. For a maximal graph  
 
 
• Since each vertex must be passed 6 times, we 
also get 
 
•  Combining these two equations we find 
 
 
 
 
 
• Maximal graph must have  
 
 
• Maximal graphs always contain two vertices 
connected by a loop, so locally they look like 
 
 
• Maximal graph is two-particle reducible for 
the internal and external couples of lines  
 
 
• It follows that a maximal graph is melonic.  
 
 
 
 
v1 v2 v1 v2
G′
G′ ′
v1 v2
The Sachdev-Ye-Kitaev Model 
• Recently, another connection of the random 
tensor models was noted by Witten: the 
Sachdev-Ye-Kitaev model is also dominated by 
melon graphs!  
• Hamiltonian       
 
• Random couplings            have a Gaussian 
distribution with zero mean and a width 
• The model flows to strong coupling and 
becomes nearly conformal.  Georges, Parcollet, Sachdev; 
Polchinski, Rosenhaus; Maldacena, Stanford; Jevicki, Suzuki, Yoon; … 
 
 
The Gurau-Witten Model 
• This model is called “colored” in the random 
tensor literature because the anticommuting 
3-tensor fields              carry a color label 
A=0,1,2,3. 
 
 
• The model has                symmetry with each 
tensor in a tri-fundamental under a different 
subset of the six symmetry groups. 
ψade1
ψabc0 ψ
f dc
3
ψf be2a
f
e
c
d
b
• The 4 different fields may be associated with 4 
vertices of a tetrahedron, and the 6 edges 
correspond to the different symmetry groups: 
 
 
 
 
 
• As stressed by Witten, gauging the symmetry 
removes the non-singlet states in the QM, 
removing a crucial conceptual obstacle in the 
search for a gravity dual. 
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• Remove the “color label” so that there are N3 
anticommuting components with action 
 
 
• Has                symmetry under 
 
• May be gauged by replacing 
 
 
The Uncolored Model • The 3-tensors may be 
associated with 
indistinguishable vertices 
of a tetrahedron.  
 
• This is equivalent to 
 
 
• The 3-line Feynman 
graphs are produced 
using the propagator 
 
 
a1b1c1
a1b2c2
c1b2a2
c2b1a2
a
bc
a
bc
ψa1b1c1
ψa1b2c2 ψa2b1c2
ψa2b2c1
a1 b1
c1
b2
c2
a2
• Alternatively, can associate the 3-tensors with 
the faces. This generates the dual graphs 
made by gluing the tetrahedra along the faces. 
 
ψa1b2c2
ψa1b1c1
ψa2b2c1
ψa2b1c2
a1
a2
c2
c1
b1
b2
Gauge Invariant Operators 
• Two-particle operators, which are analogous to 
a “single Regge trajectory”  
• n must be odd 
• There is a multitude of gauge invariant 
operators, for example the 8-particle operator 
 
 
 
 
 
 
Schwinger-Dyson Equations 
• The two-point function obeys the Schwinger-
Dyson equation like in SYK model Polchinski, Rosenhaus; 
Maldacena, Stanford; Jevicki, Suzuki, Yoon 
 
 
 
 
 
• Neglecting the bare term in IR we find 
. . . . . .
• Four point function 
 
 
 
 
 
•  If we denote by       the ladder with n rungs 
 
 
t1 t3
t2 t4
. . . . . .
t1 t3
t2 t4
. . .
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Spectrum of two-particle operators 
• S-D equation for the three-point function Gross, 
Rosenhaus 
 
 
 
 
 
 
 
• Scaling dimensions determined by  
 
 
 
• Can use SL(2) invariance to take t0 to infinity 
and consider eigenfunctions of the form  
 
 
• Two basic integrals 
 
 
 
 
• Find the result 
 
 
• The first solution is h=2; dual to gravity. 
 
 
 
 
 
 
 
• The higher scaling dimensions are 
       approaching              
Model with a Complex Fermion 
• The action 
 
 
    has enhanced                            symmetry 
  
• Gauge invariant two-particle operators 
 
    including  
Spectrum of two-particle operators 
• The same integral equation, but it also admits 
symmetric solutions  
 
 
• Calculating the integrals we get 
 
 
 
 
 
 
 
 
• The additional anomalous dimensions are  
 
    approach  
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Bosonic Tensor Model in general d 
• Action with a potential that is not positive 
definite 
 
 
• Schwinger-Dyson equation for 2pt function 
 
 
• Has solution 
Spectrum of two-particle spin zero 
operators 
• Schwinger-Dyson equation 
 
 
 
 
 
 
• Spectrum in d=1 again includes the h=2 mode.  
Gauge Invariant Operators 
• Different representations of the sextic 
operator 
b3c1a2 a2c3b1 b1c1a1
b3c2a3 a3c3b2 b2c2a1
• In the dual representation the operators are 
described by tetrahedra glued along the faces. 
• For example, the sextic operator is the 
triangular bipyramid. 
• Dual to the prism 
Super Melons 
• May consider a supersymmetric model with 
“tetrahedron superpotential” 
 
• For example, in SUSY Quantum Mechanics 
 
 
 
• Includes a positive sextic scalar potential. 
 
 
Conclusions 
• Early exploration of the Random Tensor 
Models was to study discretized quantum 
geometries in d>2.   
• For models with multiple symmetry groups, 
like O(N)6 or O(N)3 new solvable large N limits 
were later discovered, dominated by the 
melonic Feynman graphs.  
• Very recently noted their connection with the 
SYK models, quantum mechanics with random 
coupling.  
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• Gauging the Random Tensor QM removes the 
non-singlet states. 
• Leaves a rich spectrum of gauge invariant 
operators including the h=2 operator dual to 
gravity.  
• The dual of the model, in the usual sense of 
gauge/gravity duality, should be similar to a 
black hole in two-dimensional dilaton gravity. 
• The Random Tensor Quantum Mechanics will 
hopefully teach us a lot more about the 
quantum physics of black holes. 
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q-series & quantum invariants
Kazuhiro Hikami
Faculty of Mathematics, Kyushu University
January ￿, ￿￿￿￿@Rikkyo University
“Frontiers in Mathematical Physics”, Jan ￿–￿
K. Hikami (Fukuoka) q-series & quantum invariants Jan ￿, ￿￿￿￿ ￿ / ￿￿
Outline
œ quantum invariants
œ colored Jones polynomial for knots
œ Witten–Reshetikhin–Turaev Invariant for ￿-manifolds
œ q-series, modular form
œ quantummodular form
œ indefinite theta series
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quantum knot invariant
Any knot can be given
as a closure of tangles.
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quantum knot invariant
Any knot can be given
as a closure of tangles. Reidemeister moves
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R II:
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R III:
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quantum knot invariant
Any knot can be given
as a closure of tangles.
solution of Yang–Baxter eqn
R-matrix Rijk`:
i
k
j
`
Reidemeister moves
R I:
√! √!
R II:
√! √!
R III:
√!
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colored Jones polynomial JN(K;q)
Jones polynomial J￿(K;q) for knot K
R=
0BBB@
q ￿ ￿ ￿
￿ ￿ q￿ ￿
￿ q￿ q°q￿ ￿
￿ ￿ ￿ q
1CCCA i, j,k,` 2 {￿,￿}
R=
≥
Rijk`
¥
i
k
j
`
N-colored Jones polynomial JN(K;q) (x)n =
nY
i=￿
(￿°xqi°￿)
Rijk` =
min(N°￿°i,j)X
m=￿
±`°i,m±j°k,m(°￿)m
(q)`(q)N°￿°k
(q)i(q)m(q)N°￿°j
£q°m(i°j)°m
￿
￿ °Nm￿ +(i°N°￿￿ )(j°N°￿￿ ) i, j,k,` 2ZN
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Jones polynomial J￿(K;q) for knot K
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Habiro’s cyclotomic expansion
JN(￿￿;q)= q￿°N
1X
n=￿
q°nN(q￿°N)n
=
1X
n=￿
qn(q￿°N)n(q￿+N)n
ØØØ
q!￿/q
JN(￿￿;q)
=
1X
n=￿
(°￿)nq° ￿￿n(n+￿)(q￿°N)n(q￿+N)n
Habiro (￿￿￿￿): For knot K, there exists Cn(K;q) 2Z[q,q°￿] s.t.
JN(K;q)=
1X
n=￿
Cn(K;q)(q￿°N)n(q￿+N)n
(Jn,Cn) is a “Bailey pair”
Cn(K;q)= qn
nX
`=￿
(°￿)`q ￿￿`(`°￿) (￿°q
`+￿)(￿°q￿`+￿)
(q)n°`(q)n+`+￿
J`+￿(K;q)
Bailey pair (Æn,Øn)
relative to x:
Øn =
nX
`=￿
Æ`
(q)n°`(xq)n+`
which was originally
used for the
Rogers–Ramanujan
identities
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torus knots T￿,￿t+￿
T￿,￿
JN(T￿,￿t+￿;q)= Ft(qN;q), where
Ft(x;q) := x°tqt
1X
kt∏···∏k￿∏￿
x°t(q￿°N)kt
t°￿Y
i=￿
x°￿kiqki(ki+￿)
h
ki+￿
ki
i
q
[mn ]q = (q)m(q)n(q)m°n
T￿,￿￿
JN(T￿,￿t+￿;q°￿)=Ut(°qN;q), where (KH-Lovejoy)
Ut(x;q) := q￿°t
1X
kt∏···∏k￿∏￿
(°xq)kt°￿(°x°￿q)kt°￿qkt
£
t°￿Y
i=￿
qk
￿
i
h
ki+￿+ki°i+￿(k￿+···+ki°￿)
ki+￿°ki
i
q
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x°￿kiqki(ki+￿)
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T￿,￿￿
JN(T￿,￿t+￿;q°￿)=Ut(°qN;q), where (KH-Lovejoy)
Ut(x;q) := q￿°t
1X
kt∏···∏k￿∏￿
(°xq)kt°￿(°x°￿q)kt°￿qkt
£
t°￿Y
i=￿
qk
￿
i
h
ki+￿+ki°i+￿(k￿+···+ki°￿)
ki+￿°ki
i
q
Convergent q-series Ut(x;q) appear from quantum invariants.
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unimodal sequence
strongly unimodal sequence {a￿, . . . ,as} of size n & rank= s°￿k+ ￿
￿< a￿ < a￿ < ·· · < ak°￿ < ak > ak+￿ > ·· · > as > ￿ (a￿+·· ·+as = n)
{a￿, . . . ,as} {￿} {￿} {￿} {￿,￿} {￿,￿} {￿} {￿,￿} {￿,￿} {￿,￿,￿}
rank ￿ ￿ ￿ °￿ ￿ ￿ °￿ ￿ ￿
{￿} {￿,￿} {￿,￿} {￿,￿,￿} {￿,￿} {￿,￿}
￿ °￿ ￿ ￿ °￿ ￿
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unimodal sequence
strongly unimodal sequence {a￿, . . . ,as} of size n & rank= s°￿k+ ￿
￿< a￿ < a￿ < ·· · < ak°￿ < ak > ak+￿ > ·· · > as > ￿ (a￿+·· ·+as = n)
{a￿, . . . ,as} {￿} {￿} {￿} {￿,￿} {￿,￿} {￿} {￿,￿} {￿,￿} {￿,￿,￿}
rank ￿ ￿ ￿ °￿ ￿ ￿ °￿ ￿ ￿
{￿} {￿,￿} {￿,￿} {￿,￿,￿} {￿,￿} {￿,￿}
￿ °￿ ￿ ￿ °￿ ￿
generating function of u(m,n) :=#©seq of size n & rankm™
U(x;q) :=X
m,n
u(m,n)xmqn =
1X
n=￿
(°xq)n(°x°￿q)nqn+￿
= q+q￿+ (x+ ￿+x°￿)q￿+ (x+￿+x°￿)q￿+ (￿x+￿+￿x°￿)q￿+·· ·
K. Hikami (Fukuoka) q-series & quantum invariants Jan ￿, ￿￿￿￿ ￿ / ￿￿
unimodal sequence
strongly unimodal sequence {a￿, . . . ,as} of size n & rank= s°￿k+ ￿
￿< a￿ < a￿ < ·· · < ak°￿ < ak > ak+￿ > ·· · > as > ￿ (a￿+·· ·+as = n)
generating function of u(m,n) :=#©seq of size n & rankm™
U(x;q) :=X
m,n
u(m,n)xmqn =
1X
n=￿
(°xq)n(°x°￿q)nqn+￿
= q+q￿+ (x+ ￿+x°￿)q￿+ (x+￿+x°￿)q￿+ (￿x+￿+￿x°￿)q￿+·· ·
Bryson–Ono–Pitman–Rhoades (￿￿￿￿): √(ø) := e° ºi￿￿øU(°￿;e￿ºiø)
√(ø)+ ￿
(°iø)￿/￿√(°
￿
ø)=
p
￿i
￿º
Zi1
￿
¥(w)
(w+ø)￿/￿dw+
[¥(ø)]￿
￿
p
i
Zi1
￿
[¥(w)]￿
(w+ø)￿/￿dw
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￿-manifolds
One of benefits in the Habiro cyclotomic expansion is construction of the
￿-manifold quantum invariants (Witten–Reshetikhin–Turaev invariants).
Lickorish (￿￿￿￿), Wallace (￿￿￿￿): Any closed oriented
￿-manifold can be constructed from surgery on link LΩ S￿
￿ Take a knot exterior S￿\N(K)
￿ Glue D￿£S￿ back in N(K) by h : @D￿£S￿! @N(K)
￿ For meridianm and longitude ` of @N(K), a p/q-surgery is
h : @D￿£point 7! pm+q`
S￿\N(K)
solid torus
D￿£S￿
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Reshetikhin–Turaev invariant
M: pj/qj-surgery on the j-th component of n-component link L
øN(M)= e
ºi
￿
N°￿
N
≥P
j©(U
(pj ,qj))°￿sgn(L)
¥ N°￿X
k￿,...,kn=￿
Jk￿,...,kn(L)
nY
j=￿
Ω(U(pj,qj))kj,￿
U(pj,qj) =
≥pj rj
qj sj
¥
2 SL￿(Z); ©
°p r
q s
¢=(p+sq ° ￿￿s(p,q) for q 6= ￿r
s for q= ￿
s(p,q)=
q°￿X
k=￿
°° k
q
¢¢°°kp
q
¢¢
((x))=
(
x°bxc° ￿/￿ x 62Z
￿ x 2Z
sgn(L) : signature of linking matrix Lj,k = lk(j,k)+pj/qj ·±j,k
Ω (￿ °￿￿ ￿ )a,b =
q
￿
N sin
≥
abº
N
¥
; Ω ( ￿ ￿￿ ￿)a,b = e
a￿
￿Nºi° ￿￿ºi±a,b
øN(S￿)= ￿ øN(S￿£S￿)=
q
N
￿
￿
sin(º/N)
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Poincaré homology sphereß(￿,￿,￿)
º￿(M)=
≠
x,y
ØØ(xy)￿ = x￿ = y￿Æ; H￿(M;Z)= ￿
 2  2  2  2  2  2  2
 2
√!
1
5 3
2
√!
−1
“Kirby move”
Lawrence–Rozansky (￿￿￿￿):
≥N (≥N° ￿) øN(M)= e
ºi
￿p
￿￿￿N
￿￿N°￿X
n=￿
N-n
≥ °n
￿°￿
￿￿￿N
(≥ n￿N°≥ °n￿N )(≥ n￿￿N°≥ °n￿￿N)
≥ n￿N+≥ °n￿N
= ￿° ￿￿¬§￿(≥N)
≥M = exp
°￿ºi
M
¢
¬§￿(q) :=
1X
n=￿
qn(qn)n
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surgery formula
We assume that JN(K;q)=
1X
n=￿
Cn(K;q)(q￿+N)n (q￿°N)n.
Then WRT invariant forMs which is s-surgery of K is given by
(￿°≥N)øN(M￿)=
1X
n=￿
Cn(K;q)(°￿)nq° ￿￿n(n+￿) (qn+￿)n+￿
ØØØ
q=≥N
(￿°≥N)øN(M°￿)=
1X
n=￿
Cn(K;q)(qn+￿)n+￿
ØØØ
q=≥N
(￿°≥N)øN(M￿)=
p
￿q
￿
￿
1X
n=￿
Cn(K;q)(°q° ￿￿ )n(q ￿￿ ;°q ￿￿ )￿n+￿
ØØØ
q=≥N
(￿°≥N)øN(M°￿)=
p
￿q
￿
￿
1X
n=￿
Cn(K;q)(q
￿
￿ ;°q ￿￿ )￿n+￿
ØØØ
q=≥N
We obtain interesting q-series which give øN(M) at root of unity.
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volume conjecture
From quantum topology, we have interests in JN(K;≥N); ≥N = e￿ºi/N
Kashaev (￿￿￿￿): Kashaev invariant hKiN
lim
N!1
￿º
N log
|hKiN| =Vol(S￿\K)
H.Murakami–J.Murakami (￿￿￿￿)
hKiN = JN(K;≥N)
conjecture is still open for arbitrary K
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volume conjecture
Kashaev (￿￿￿￿): Kashaev invariant hKiN
lim
N!1
￿º
N log
|hKiN| =Vol(S￿\K)
H.Murakami–J.Murakami (￿￿￿￿)
hKiN = JN(K;≥N)
Building block of S￿\K is an ideal tetrahedron4,
whose vertices are on @H. Here we use the
Poincaré upper half-space model
©
(x,y,t)
ØØ t> ￿™
with metric
ds￿ = dx
￿+dy￿+dt￿
t￿
Geodesic plane is hemisphere? xy-plane.
Then the volume of4 is ...
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Kashaev (￿￿￿￿): Kashaev invariant hKiN
lim
N!1
￿º
N log
|hKiN| =Vol(S￿\K)
H.Murakami–J.Murakami (￿￿￿￿)
hKiN = JN(K;≥N)
Vol(4)=
— dxdydt
t￿
=L(Æ)+L(Ø)+L(∞)
= Im(Li￿(z))+arg(￿°z) · log |z|
=:D(z) Bloch–Wigner funct
Lobachevsky funct L(µ)=°￿
Zµ
￿
log |￿sint|dt
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volume conjecture for figure-eight knot
Proof for ￿￿ is as follows:
JN(￿￿;≥N)=
N°￿X
j=￿
jY
k=￿
￿sin￿
≥
k
Nº
¥
u(k)= ￿sin￿
≥
k
Nº
¥
0
1
2
3
4
4
si
n
2
(k N
 
)
k/N1
6
5
6
v(j)=
jY
k=￿
u(k)
 
(j
)
j/N
v(￿￿N)< JN(￿￿;≥N)<Nv(￿￿N)
lim
N!1
￿
N logJN(￿￿;≥N)= limN!1
￿
N logv(
￿
￿N)= ￿
Z ￿
￿º
￿
log(￿sint)dt
Lobachevsky
= ￿D(eºi/￿)= ￿.￿￿￿￿￿ · · ·
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complement of figure-eight knot
Thurston
S￿\ =
A
C
B
D
[ D
B
A
C
Both are regular tetrahedra
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volume conjecture
Behaviors of the colored Jones polynomials JN(￿￿;≥N) and JN(￿￿;≥N) in N!1 are
di￿erent; ￿￿ is hyperbolic, but ￿￿ is not.
JN(￿￿;≥N) has a similar structure with mock theta functions. WRT for Seifert
manifolds also belong to this case.
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volume conjecture for trefoil
JN(￿￿;≥N) has a rich structure: JN(￿￿;q)= q￿°N
1X
n=￿
q°nN(q￿°N)n
JN(￿￿;≥N)= ≥NF(≥N)
Kontsevich–Zagier series
F(q) :=
1X
n=￿
(q)n
= ￿+ (￿°q)+ (￿°q)(￿°q￿)+·· ·
Zagier (￿￿￿￿): nearly modular property in N!1
≥￿￿NF(≥N)ª°
µN
i
∂ ￿
￿
e°
ºi
￿￿NF(e°￿ºiN)+
1X
`=￿
T(`)
`!
≥ º
￿￿iN
¥`
sin(￿x)sin(￿x)
sin(￿x) =
1X
`=￿
T(`)
(￿`+￿)!x
￿`+￿
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Zagier (￿￿￿￿): nearly modular property in N!1
≥￿￿NF(≥N)ª°
µN
i
∂ ￿
￿
e°
ºi
￿￿NF(e°￿ºiN)+
1X
`=￿
T(`)
`!
≥ º
￿￿iN
¥`
sin(￿x)sin(￿x)
sin(￿x) =
1X
`=￿
T(`)
(￿`+￿)!x
￿`+￿
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Kontsevich–Zagier series & Eichler integral
Zagier’s proof:
Let '(Æ) := eºiÆ/￿￿F(e￿ºiÆ) for Æ 2Q and e¥(ø) := 1X
n=￿
n
° ￿￿
n
¢
q
n￿
￿￿ for ø 2H
ø! ￿/N: '(￿/N)= e¥(￿/N)
Eichler integral b¥(z) := p￿i￿º Zi1z ¥(ø)(ø°z)￿/￿dø (z 2H°) has a nearly modular
property
b¥(z)+ (iz)° ￿￿ b¥(°￿/z)= p￿i￿º Zi1￿ ¥(ø)(ø°z)￿/￿dø
Limiting values coincide: e¥(￿/N)= b¥(￿/N)
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quantummodular form
Kontsevich–Zagier series is a typical example of quantummodular form.
Zagier (￿￿￿￿):
A quantummodular form is f :Q!C s.t. for ∞= °a bc d ¢ 2°Ω SL￿(Z), the function
h∞(x) := f (x)°¬(∞) (cx+d)°k f
≥
ax+b
cx+d
¥
has “some properties” of continuity or analyticity.
For “some properties” of QMF, we review some facts onmodular forms...
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modular form
Amodular form of weight k, f :H!C ø= ø￿+ iø￿, ø￿ > ￿
f
≥
aø+b
cø+d
¥
= ¬(∞) (cø+d)k f (ø) ∞= °a bc d ¢ 2°Ω SL￿(Z)
Eisenstein series
Ek(ø)= ￿° ￿kBk
1X
n=￿
æk°￿(n)qn; k even q= e￿ºiø æk(n)=
X
d|n
dk
theta functions on ￿-dimensional lattice
µ(ø)= X
n2Z
q
￿
￿n
￿
¥(ø)= q￿/￿￿(q;q)1 =
X
n2Z
(°￿)nq(￿n°￿)￿/￿￿
(x;q)n =
nY
i=￿
(￿°xqi°￿)
K. Hikami (Fukuoka) q-series & quantum invariants Jan ￿, ￿￿￿￿ ￿￿ / ￿￿
modular form
Amodular form of weight k, f :H!C ø= ø￿+ iø￿, ø￿ > ￿
f
≥
aø+b
cø+d
¥
= ¬(∞) (cø+d)k f (ø) ∞= °a bc d ¢ 2°Ω SL￿(Z)
Eisenstein series
Ek(ø)= ￿° ￿kBk
1X
n=￿
æk°￿(n)qn; k even q= e￿ºiø æk(n)=
X
d|n
dk
theta functions on ￿-dimensional lattice
µ(ø)= X
n2Z
q
￿
￿n
￿
¥(ø)= q￿/￿￿(q;q)1 =
X
n2Z
(°￿)nq(￿n°￿)￿/￿￿
(x;q)n =
nY
i=￿
(￿°xqi°￿)
K. Hikami (Fukuoka) q-series & quantum invariants Jan ￿, ￿￿￿￿ ￿￿ / ￿￿
modular form
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theta functions
theta functions on higher-dimensional lattice
Let A be positive definite symmetric n£nmatrix, and BA(x,y)= x>Ay.
The theta-series (Hecke, Schoeneberg,...)
£a,b(ø) :=
X
x2Zn+a
q
￿
￿BA(x,x)e￿ºiBA(x,b)
is a modular form; we have
£a,b (°￿/ø)=
￿p
detA
≥ø
i
¥ n
￿ e￿ºiBA(a,b)
X
c2A°￿Zn/Zn
£c°b,a(ø)
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examples of indefinite theta functions
Andrews (￿￿￿￿), Hickerson (￿￿￿￿), ...
(q)1 f￿(q)=
≥ X
m∏￿
X
|n|∑m
° X
m<￿
X
|n|<|m|
¥
(°￿)nq ￿￿m(￿m+￿)°n￿
(q)1F￿(q)=
≥ X
m∏￿
X
n∏￿
° X
m<￿
X
n<￿
¥
(°￿)m+nq ￿￿m(￿m+￿)+￿mn+ ￿￿n(￿n+￿)
Quadratic forms have signature (￿,￿),
A= (￿ ￿￿ °￿) A= (￿ ￿￿ ￿)
These are indefinite theta-series expressions for the mock theta functions
(Ramanujan, ￿￿￿￿).
Under ø!°￿/ø, transformations are like ...
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mock theta functions
Watson (￿￿￿￿), Zwegers (￿￿￿￿): (¥￿ is a shadow of µ)
µ(z;ø)+
q
i
ø µ(z/ø;°￿/ø)=
￿
￿
Zi1
￿
[¥(z)]￿p°i(z+ø)dz
Appell–Lerch sum
µ(z;ø) := ie
ºiz
µ￿￿(z;ø)
X
n2Z
(°e￿ºiz)nq ￿￿n(n+￿)
￿°e￿ºizqn
A= ( ￿ ￿￿ ￿)
= ie
ºiz
µ￿￿(z;ø)
≥ X
m∏￿
X
n∏￿
° X
m<￿
X
n<￿
¥
(°￿)me￿ºiz(m+n)q ￿￿m(m+￿)+mn
Recall “some properties” of h∞(x)= f (x)°¬(∞) (cx+d)°k f
≥
ax+b
cx+d
¥
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“some properties”: Eichler integral
The Eichler integral of wt k 2Z∏￿ cusp form f (ø)=
1X
n=￿
anqn is
ef (ø) := 1X
n=￿
an
nk°￿
qn ø 2H
It satisfies for ∞= °a bc d ¢ 2 SL￿(Z)
ef (ø)° (cø+d)k°￿ef (∞(ø))=° (￿ºi)k°￿(k°￿)!
i1Z
∞°￿(i1)
f (z)(ø°z)k°￿dz
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colored Jones polynomial for T￿,￿t+￿: QMF
Quantummodularity of the colored Jones polynomial for torus knots
¡
(m)
t (Æ)+ ￿(iÆ)￿/￿
tX
m0=￿
￿p
￿t+￿(°￿)
t+￿+m+m0 sin
≥
￿mm0
￿t+￿ º
¥
¡
(m0)
t (°￿/Æ)=
p
(￿t+￿)i
￿º
Zi1
￿
©
(m)
t (z)
(z°Æ) ￿￿
dz
where
¡
(m)
t (ø)= q
(￿t+￿°￿m)￿
￿(￿t+￿)
1X
k￿,...,kt=￿
(q)ktq
k￿￿+···+k￿t°￿+km+···+kt°￿
t°￿Y
i=￿
hki+￿+±i,m°￿
ki
i
q
JN(T￿,￿t+￿;≥N)= ≥
t° (￿t°￿)￿￿(￿t+￿)
N ¡
(￿)
t (
￿/N)
©
(m)
t (ø)= q
(￿t+￿°￿m)￿
￿(￿t+￿) (qm,q￿t+￿°m,q￿t+￿;q￿t+￿)1 m= ￿,￿, . . . ,t
Indefinite theta series appears from Ut(x;q).
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colored Jones polynomial for T￿,￿t+￿: indefinite
KH-Lovejoy (￿￿￿￿):
q
￿￿t￿+￿￿t°￿
￿(￿t+￿) Ut(°￿;q)= µh￿,h￿(ø)°µh￿,h￿(ø)
where h￿ =
≥ ￿
￿
￿/￿
¥
, h￿ = ￿￿(￿t+￿)
≥ ￿t+￿
￿t+￿
￿
¥
, h￿ = ￿￿(￿t+￿)
≥ ￿t°￿
￿t+￿
￿
¥
,
µa,b(ø)=
≥X
`∏￿
X
m∏￿
X
n∏￿
+X
`<￿
X
m<￿
X
n<￿
¥
q
QA(
µ
`
m
n
∂
+a)
e
￿ºiBA(
µ
`
m
n
∂
+a,b)
BA(x,y)= x>Ay; QA(x)= ￿￿BA(x,x)
A=
≥ ￿ ￿t+￿ ￿
￿t+￿ ￿ ￿
￿ ￿ ￿
¥
signature (￿,￿)
Zwegers’ original method is for signature (￿,￿).
Recently Alexandrov–Banerjee–Manschot–Pioline suggested how to treat general
signatures.
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Vignéras’ indefinite theta functions
signature (s,n°s)
B(x,y) := x￿y￿+·· ·+xsys°xs+￿ys+￿° · · ·°xnyn; Q(x) := ￿￿B(x,x)
E := x￿ @@x￿ +·· ·+xn @@xn ; ¢ := @
￿
@x￿￿
+·· ·+ @￿
@x￿s
° @￿
@x￿s+￿
° · · ·° @￿
@x￿n
;
Vignéras (￿￿￿￿): Let p(x) be a solution of
(E °±)p(x)= ￿￿º¢p(x)
A non-holomorphic theta function
£p;a,b(ø)=
X
x2§+a
ø
°±/￿
￿ p(x
p
ø￿)qQ(x) e￿ºiB(x,b); ø= ø￿+ iø￿
fulfills
£p;a,b(ø)= ￿Vol(§)(°i)
n°￿s
￿ ø°±°
n
￿ e￿ºiB(a,b)
X
c2§§/§
£p;c°b,a(°￿/ø)
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error function &mock theta functions
error function
E(x) :=
Z1
°1
sgn(t)e°º(t°x)￿dt= ￿
Zx
￿
e°ºt
￿dt
E(x) !|x|!1 sgn(x)
A function
pµ(x)= E(B(µ,x)); Q(µ)=°￿
is a solution of Vignéras’ di￿ eqn with ±= ￿.
For signature (n° ￿,￿), Vignéras’ non-holomorphic theta seriesX
x2§+a
©
E (B(µ￿,x)
p
ø￿)°E (B(µ￿,x)pø￿)
™
qQ(x) e￿ºiB(x,b)
is absolutely convergent when B(µ￿,µ￿)< ￿, and Zwegers (￿￿￿￿) showed that its
holomorphic part is mock theta function.
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generalized error functions
Alexandrov–Banerjee–Manschot–Pioline (￿￿￿￿)
E￿(Æ;x,y) :=
œ
R￿
sgn(t￿)sgn(t￿+Æt￿)e°º(t￿°x)￿°º(t￿°y)￿dt￿dt￿
E￿(￿;x,y)= E(x)E(y) E￿(Æ;x,y)! sgn(x)sgn(y+Æx)
A function
pµ,∫(x)= E￿(Æ;B(µ,x),B(∫,x));
(
Q(µ)=Q(∫)=°￿
B(µ,∫)= ￿
is a solution of Vignéras’ di￿ eqn with ±= ￿.
A suitable combination of pµ,∫(x) gives a convergent non-holomorphic theta series
£p;a,b(ø).
ABMP, Kudla, Nazaroglu, Bringmann–Kaszian–Rolen (￿￿￿￿)
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generalized error functions
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completion of Ut(°￿;q)
modular completion of Ut(°￿;q) is Vignéras’ theta series with (ABMP)
p(x,y,z)= E￿(°
p
￿t+ ￿;
q
￿(￿t+ ￿)x,￿p￿(￿t+ ￿)x+p￿z)
+E￿(°
p
￿t+ ￿;
q
￿(￿t+ ￿)y,￿p￿(￿t+ ￿)y+p￿z)
+ sgn(x+y)
Ω
E(
q
￿(￿t+ ￿)x)+E(
q
￿(￿t+ ￿)y)
æ
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concluding remarks
quantummodular forms arise from quantum invariants of knots/￿-manifolds
q-series from quantum invariants are sometimes written as theta functions on
indefinite lattices,
Vignéras non-holomorphic theta series is a modular completion of indefinite
theta series
ABMP shows that holomorphic part of Vignéras non-holomorphic theta series
is indefinite theta series appears in Kac–Wakimoto characters, Gromov–Witten
potential ...
F(z￿,z￿,z￿;ø) := q°￿/￿≥°￿/￿￿ ≥
￿/￿
￿ ≥
￿/￿
￿
£
≥ X
k>￿,`,m∏￿
+ X
k∑￿,`,m<￿
¥
(°￿)kq ￿￿k(k+￿)+k`+km+`m≥k￿ ≥`￿≥m￿
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Time-reversal anomaly of
2+1d quantumfield theories
Yuji Tachikawa (Kavli IPMU)
in collaboration with
Kazuya Yonekura (Kavli IPMU)
Frontiers inMathematical Physics,
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1 / 58
First one-third of the talk is meant for mathematicians.
The rest are mostly for physicists.
2 / 58
Physicists have imported many concepts
from various branches of mathematics and put them into good use.
Take algebraic topology.
Homotopy groups are used to study topological solitons.
Homology groups are essential tools for string compactifications.
K-theories are useful in classifyingD-branes.
3 / 58
More recently, condensedmatter physicists realized that
various cobordism groups
and
generalized homology theories
are the language to classify topological phases ofmatter,
and many of them can be realized in experiments.
4 / 58
Here is the table of
Spin and Pin± cobordism groups in low dimensions
taken from [Kirby-Taylor, 1990].
They are now used to classify topological superconductors!
5 / 58
Recall that:
• Spin(n) is the simply-connected double cover of SO(n)
• There are two double covers ofO(n), distinguished by
(reflection)2 = ±1 ∈ Spin(n).
They are called Pin±(n).
• Then ΩPin
±
d classifies
d-dimensional manifolds equipped with Pin± structures
up to cobordisms.
6 / 58
75
Condensed-matter theorists wondered: how do we classify
gapped phases with fermions,
which is so simple that it only has one vacuum state?
These are called symmetry-protected topological phases,
SPT for short.
There was a long process before they distilled the argument
to the form given in the next page.
(My presentation mostly follows
[Kapustin,Thorngren,Turzillo,Wang 1406.7329].
A very recent [Xiong, 1701.00004] is also nice
and can be read by mathematicians, I think.)
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• Let’s put the system on an arbitrary d-dimensional manifoldXd.
• Since we have fermions, we need Spin structure.
• Not only that, the system has time-reversal T.
Its square is T2 = ∓1 on fermions.
Depending on the sign, we have Pin± structure.
• (The reversal of the signs,∓ and±, is not a typo.
It’s due to an additional sign from the Wick rotation.)
8 / 58
• The system is characterized by the phase
P (Xd) =
Z(Xd)
|Z(Xd)|
of the partition function.
• General yoga of QFT tells us that
P : Xd #→ P (Xd) ∈ U(1)
is a homomorphism from the cobordism group toU(1).
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Take this one as an example:
We are considering gapped phases with fermions in 3 + 1 dimensions,
such that T2 = −1. These are known as topological superconductors.
10 / 58
The cobordism group ΩPin
+
4 is Z16, generated by RP
4.
Such gapped phases are classified by
P (RP4) = exp(2πi
ν
16
) ∈ U(1).
This ν ∈ Z16 characterizes 3+1d topological superconductors.
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An example of a 3+1d topological superconductor is
the theory of ν species ofmassiveMajorana fermions.
The case ν = 1 can be realized experimentally as
the superfluid phase B of the helium three.
[Schnyder-Ryu-Furusaki-Ludwig, 0803.2786]
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Mathematically, the homomorphism that does
P : [RP4] #→ exp(2πi ν
16
)
can also be written as
P (M4) = exp(2πiν“η”(M4))
where “η” is the Atiyah-Patodi-Singer eta invariant.
13 / 58
Let’s switch gears.
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So far I talked about
3+1d topological superconductors.
The title of the talk is
2+1d time-reversal anomalies.
What’s the relation?
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The relation is exactly parallel with the relation between
4+1d Chern-Simons terms
and
3+1d chiral anomalies.
What do I mean by that?
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Consider 5d closed manifoldX with a backgroundU(1) field,
with the CS action
exp
[
2πik
∫
X
A ∧ F ∧ F
]
This is invariant under the gauge transformation if k ∈ Z.
(I would be sloppy about the normalizations. Forgive me.)
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If the 5d manifoldX has a boundary,M = ∂X ̸= ∅, the CS action
exp
[
2πik
∫
X
A ∧ F ∧ F
]
is not invariant even when k ∈ Z,
due to the gauge variation at the boundary.
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You can add something physical at the boundaryM = ∂X
so that the combination
ZM [A|M ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
This is also called the anomaly inflow.
[Faddeev-Shatashvili, Callan-Harvey, …]
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A typical example of such something physical is, of course,
charged chiral fermions onM .
5d CS term4d chiral fermion
Is there another way to see such chiral fermions arise on the boundary?
20 / 58
Given k charged massive 5d fermion with the mass term
mψψ¯,
integrating them out generates the CS term
exp[±2πik
2
∫
A ∧ F ∧ F ]
where the sign± is the sign ofm.
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Now, instead of
You can add something physical at the boundary Y = ∂X
so that the combination
ZY [A|Y ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
13 / 15
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We can consider
So, instead of
You can add something physical at the boundary Y = ∂X
so that the combination
ZY [A|Y ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
13 / 15
exp[+2πi
k
2
∫
A ∧ F ∧ F ]
16 / 17
So, instead of
You can add something physical at the boundary Y = ∂X
so that the combination
ZY [A|Y ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
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exp[−2πik
2
∫
A ∧ F ∧ F ]
16 / 17
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which you can represent as
k 5d fermions with mass m > 0
k 5d fermions with mass m < 0
24 / 58
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but when the fermion mass is space dependent
m > 0
m < 0
25 / 58
we know that there is a zero mode
m > 0
m < 0
ψ
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so we have
k 5d fermions with mass m > 0
k 5d fermions with mass m < 0
k 4d massless chiral fermions
27 / 58
which is
You can add something physical at the boundary Y = ∂X
so that the combination
ZY [A|Y ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
13 / 15k 4d massless chiral fermions
28 / 58
Note the equality of pictures
You can add something physical at the boundary Y = ∂X
so that the combination
ZY [A|Y ] exp
[
2πik
∫
X
A ∧ F ∧ F
]
is invariant: the phase ambiguities of two terms cancel each other.
13 / 15k 4d massless chiral fermions
and
k 5d fermions with mass m > 0
k 5d fermions with mass m < 0
k 4d massless chiral fermions
.
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That was the relation between
4+1d Chern-Simons terms
and
3+1d chiral anomalies.
30 / 58
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But today the main subject is the relation between
3+1d topological superconductors.
and
2+1d time-reversal anomalies.
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A typical time-reversal invariant system in 3+1d is
a massive Majorana fermion with the mass term
mψψ
wherem ∈ R to be invariant under the time reversal.
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If we makem space-dependent, we have a zero-mode
m > 0
m < 0
ψ
which is a massless Majorana fermion in 2+1d.
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So we can have the situation
ν 4d fermions with mass m > 0
ν 4d fermions with mass m < 0
ν 3d massless Majorana fermions
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We can integrate out the massive fermions to find
We can integrate out the massive fermions to find
exp [2πiν“η”]
28 / 28
ν 3d massless Majorana fermions
where “η” is the Atiyah-Patodi-Singer eta invariant,
that plays the role of the CS term in this case.
As I already discussed, condensed-matter theorists call the bulk theory
3+1d topological superconductor.
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On a closed 4d manifoldX ,
exp [2πi“η”]
is always a 16th root of unity, because ΩPin
+
4 = Z16.
Therefore, in the expression
exp [2πiν“η”]
only ν ∈ Z16 matters, as already discussed.
36 / 58
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Correspondingly, we see that
the time-reversal anomaly of 2+1d systems is a quantity ν ∈ Z16.
For example, ν massless 2+1d Majorana fermions have the value
ν ∈ Z16.
What are other 2+1d systems with time-reversal anomalies?
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Let’s start from
ν=3 4d fermions with mass m > 0
ν=3 4d fermions with mass m < 0
.
Regard 3 fermions as an adjoint of SU(2), and
couple dynamical SU(2) gauge field to it.
This isN=1 SU(2) SYM softly broken by the gaugino mass.
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So we have a domain wall between two vacua ofN=1 SU(2) SYM
on which it’s known that we have
a 3d goldstino+U(1)2 CS.
[Acharya-Vafa,…]
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We started from ν = 3 4d fermions, so
ν[a 3d goldstino] + ν[U(1)2 CS] = 3.
Clearly
ν[a 3d goldstino] = 1.
Therefore
ν[U(1)2 CS] = 2.
It is interesting that a theory without any massless things
can have an anomaly. This can’t happen for the anomaly
of continuous symmetry.
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So, suppose we’re given a time-reversal symmetric 2+1d TQFT.
How do we determine its anomaly ν ∈ Z16 directly?
Surprisingly, we found that it’s a rather hot topic in cond-mat,
with many papers over the last few months.
[YT-Yonekura, 1610.07010, 1611.01601]
[Levin-Wang, 1610.04624]
also see
[Shiozaki-Shapourian-Ryu, 1609.05970]
[Barkeshli-Bonderson-Cheng-Jian-Walker, 1612.07792]
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Consider putting the 3d theory on a crosscap:
Rt ×
42 / 58
81
Consider putting the 3d theory on a crosscap:
Rt ×
There is an isometry rotating it.
The associated conserved quantity is the momentum p.
43 / 58
In a non-anomalous theory, we have
p = n ∈ Z.
This is because the 2π rotation should not do anything:
exp [2πip] = 1.
44 / 58
In an anomalous theory, this might not hold, because of phase ambiguity:
exp [2πip] ̸= 1.
This phase ambiguity should be ‘linear’ in ν, so we have
exp [2πip] = exp [2πicν]
for some number c.
Equivalently,
p = n+ cν, n ∈ Z.
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We can fix c by considering a system whose ν is known,
for example a 3d Majorana fermion for which ν = 1.
One finds by an explicit computation that c = 1/16.
[Hsieh-Cho-Ryu,1503.01411]
Therefore:
p = n+
ν
16
, n ∈ Z.
The time-reversal anomalymanifests itself as
the anomalousmomentum on the crosscap.
For 1+1d systems the same thing was pointed out
in [Cho-Hsieh-Morimoto-Ryu, 1501.07285]
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How do we compute the anomalous momentum for a 2+1d TQFT?
Suppose we have
p =
ν
16
mod Z
on
.
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We have
T |crosscap⟩ = e2πiν/16 |crosscap⟩
where T ∈ SL(2,Z) and |crosscap⟩ is a state on T 2 generated by
,
a solid torus with an embedded crosscap.
48 / 58
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Let’s apply it toU(1)2 ×U(1)−1.
What is the state |crosscap⟩ given by the following ?
49 / 58
The horizontal direction is automatically in the R sector
R sector
since we go round the central crosscap twice.
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So the state |crosscap⟩ is a linear combination of |ℓ⟩
So the state |crosscap⟩ is a linear combination of |ℓ⟩
where ℓ is a line operator in the R-sector of U(1)2 × U(1)−1.
43 / 49
R sector
where ℓ is a line operator in the R-sector ofU(1)2 ×U(1)−1.
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The line operators ofU(1)2 are either
• trivial with h = 0
• nontrivial with h = +1/4
and the R-line operator ofU(1)−1 has
• h = −1/8.
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Combining them, there are only two states in the R-sector of
U(1)2 ×U(1)−1:
T |ℓ⟩ = e+2πi2/16 |ℓ⟩ , T |ℓ′⟩ = e−2πi2/16 |ℓ′⟩ .
The state |crosscap⟩ is a linear combination of them,
and is a T eigenstate. So we have
|crosscap⟩ ∝ |ℓ⟩ ν = +2
or
|crosscap⟩ ∝ |ℓ′⟩ ν = −2.
53 / 58
This value ν = ±2 is consistent with what we deduced
from the domain wall construction:
where the bulk had ν=3 fermions and the domain wall had
a ν=1 goldstino+U(1)2 CS.
[YT-Yonekura, 1610.07010]
54 / 58
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For more complicated 2+1d TQFTs, the determination of |crosscap⟩
is not this simple, but can be done using the modular S matrix.
55 / 58
We find
= S
∑
p
ηp |p⟩
where p runs over all anyons such that Tp = p,
and ηp is roughly the phase of T
2 ‘acting locally on the anyon’.
This can be derived by not-so-difficult manipulations of 3-manifolds.
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Using T |crosscap⟩ = e2πiν/16 |crosscap⟩, we find
exp(
2πiν
16
) =
1
D
∑
p
ηpdpe
−2πihp
whereD is the total quantum dimension,
dp is the quantum dimension of the anyon p, and
hp is the spin of the anyon p.
Bosonic case: [Barkeshli, talk at KITP, October]
[Barkeshli-Bonderson-Cheng-Jian-Walker, 1612.07792]
Conjecture: [Levin-Wang, 1610.04624]
Derivation: [YT-Yonekura, 1611.01601]
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We know that an oriented 2+1d TQFT is specified by the data
satisfying theMoore-Seiberg axiom.
Clearly, we need to have an
unoriented, spin version of theMoore-Seiberg axiom.
The recent paper [Barkeshli-Bonderson-Cheng-Jian-Walker, 1612.07792]
comes close, but not quite.
Then Z16 classification of the time-reversal anomaly
would be an automatic outcome from the proper axiom.
I would hope to work this out in the future.
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       MacDonald Operators, from
Cluster Algebra to Elliptic Hall Algebra
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Hexagonalization of Correlation Functions 
Shota Komatsu (Perimeter Institute) 
 
 
Frontiers in Physics and 
Mathematics, Rikkyo U. 2017 
Based on arXiv:1611.05577  
 
with Thiago Fleury (ICTP-SAIFR) 
Goal: 
 
Nonperturbative method to compute higher-pt correlators of  
single-trace ops in N=4 SYM at large Nc,  
which is different from OPE. 
Planar N=4 Super Yang-Mills 
• Interacting 4d CFT. 
 
• Prototypical example of AdS/CFT. 
 
• Integrable  at  large Nc. 
2-pt functions 
 
3-pt functions 
 
≏∳
≏∱
≏∲
Planar surface 
≏∱
≏∲
Single-trace op. ≔≲ ≛⊢ ⊢ ⊢ ≝
Planar N=4 Super Yang-Mills 
• Interacting 4d CFT. 
 
• Prototypical example of AdS/CFT. 
 
• Integrable  at  large Nc. 
2-pt functions 
 
3-pt functions 
 
≏∱
≏∲
≏∱
≏∲ ≏∳
Single-trace op. ≔≲ ≛⊢ ⊢ ⊢ ≝
Planar N=4 Super Yang-Mills 
• Interacting 4d CFT. 
 
• Prototypical example of AdS/CFT. 
 
• Integrable  at  large Nc. 
2-pt functions 
 
Fully solved thanks to many people 
e.g. [Gromov, Kazakov, Leurent, Volin 2013] 
3-pt functions 
 
Nonperturbative approach proposed by 
[Basso, SK, Vieira 2015] 
≏∳
≏∱
≏∲
Planar surface 
≏∱
≏∲
Single-trace op. ≔≲ ≛⊢ ⊢ ⊢ ≝
Planar surface 
In CFT, any correlation functions → 2- and 3-pts by OPE. 
 
Is this the end of the story (at large Nc)? 
≏∱
≏∲
≏∳
≏∱
≏∲
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Not really. 
Planar surface 
In CFT, any correlation functions → 2- and 3-pts by OPE. 
 
Is this the end of the story (at large Nc)? 
≏∱
≏∲
≏∱
≏∳≏∲
Importance of higher-point functions  
• 2-, 3-pnt functions  →  just numbers: 
 
 
 
              → Hard to extract physics. 
 
 
    Higher-pnt functions → functions of cross ratios:  
              
              → Various limits & various physics.  
                    (e.g. Lightcone, Chaos) 
 
 
• OPE is not “closed” at large Nc. 
≃∲∱∲≋ ∽ ∱∶ ⊡ ∲≧∲ ∫ ∨∲∸ ∫ ∱∲⊳∳∩≧∴ ∫ ⊢ ⊢ ⊢ ⊢ ⊢ ⊢⊢≋ ∽ ∴ ∫ ∱∲≧∲ ⊡ ∱∲≧∴ ∫ ⊢ ⊢ ⊢
≇∨≵∻ ≶∩
Consider                                              ,                              .   
 
 
 
•  At large Nc, 
  
 
 
 
 
 
• In OPE, 
≏ ∽ ≔≲ ≛⊢ ⊢ ⊢ ≝≨≏∨≸∱∩≏∨≸∲∩≏∨≸∳∩≏∨≸∴∩≩
≨≏≏≏≏≩ ⊻ ≘
≏≳∽≔≲≛⊢⊢⊢ ≝
≃∲≏≏≏≳≆⊢≏≳∨≵∻ ≶∩
∫ ≘
≏≤∽∺≏≀≮≏∺
≃∲≏≏≏≤≆⊢≏≤ ∨≵∻ ≶∩
O(1/Nc2) 
O(1) O(1)+O(1/Nc2) 
≨≏≏≏≏≩ ∽ ≨≏≏≩≨≏≏≩ ∫ ≨≏≏≏≏≩≣≯≮O(1/Nc2) O(1) 
Conformal block 
⊵⊢≏≤ ∽ ⊢∰≏≤ ∫ ⊢∱≏≤≎ ∲ ∫ ⊢ ⊢ ⊢
⊶
OPE at large Nc  
Consider                                              ,                              .   
 
 
 
•  At large Nc, 
  
 
 
 
 
 
• In OPE, 
≏ ∽ ≔≲ ≛⊢ ⊢ ⊢ ≝≨≏∨≸∱∩≏∨≸∲∩≏∨≸∳∩≏∨≸∴∩≩
≨≏≏≏≏≩ ⊻ ≘
≏≳∽≔≲≛⊢⊢⊢ ≝
≃∲≏≏≏≳≆⊢≏≳∨≵∻ ≶∩
∫ ≘
≏≤∽∺≏≀≮≏∺
≃∲≏≏≏≤≆⊢≏≤ ∨≵∻ ≶∩
O(1/Nc2) 
O(1) O(1)+O(1/Nc2) 
≨≏≏≏≏≩ ∽ ≨≏≏≩≨≏≏≩ ∫ ≨≏≏≏≏≩≣≯≮O(1/Nc2) O(1) 
(Connected) single-trace correlators are not closed  
under the OPE even at large N 
Conformal block 
⊵⊢≏≤ ∽ ⊢∰≏≤ ∫ ⊢∱≏≤≎ ∲ ∫ ⊢ ⊢ ⊢
⊶
OPE at large Nc  
Pictorially, 
More intuitive picture  
≏∲
≏∳
≏∴
≏∱
Single-trace Double-trace 
Do we first need to know 2- and 3-pt with double traces? 
No. 
 
There is an alternative route to  
higher-pnt functions. 
Punchline 
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≏∱
≏∲
≏∳
≏∴
Punchline 
3-pt functions and hexagons  
≏∳
≏∱
≏∲
Operators as spin chains  
Key observation:  
Single-trace operators can be regarded as states in integrable spin chains. 
0) All the fields are in the adjoint representation of the gauge group SU(Nc): 
e.g. [Minahan, Zarembo] 
e.g. 
 → Nc×Nc matrices 
    Simplest gauge invariant op (single-trace op) can be built as 
Operators as spin chains  
Key observation:  
Single-trace operators can be regarded as states in integrable spin chains. 
1) Start with a long BPS operator                              . 
2) Insert magnons. 
3) The state is labelled by momenta of magnons (rapidities). 
4) Impose the periodicity condition 
     (Bethe equation): 
≪≰∱∻ ≰∲∻ ≰∳≩ ∽
≰∱
≰∳ ≰∲
≥≩≰≩≌≙
≪ ∶∽≩
≓∨≰≩∻ ≰≪∩ ∽ ∱
5) Conformal dim = Energy ⊢ ∽ ≅ ∽≘≪ ≅∨≰≪∩
e.g. [Minahan, Zarembo] 
Known all order in λ 
3pt function as a pair of pants  
Weak coupling: ≏∱
≏∲ ≏∳
⊻
[Basso, SK, Vieira] Finite coupling – Cutting a pair of pants into hexagons-- 
⊻3pt function factorizes into  2 “hexagons”. 
Hexagon is determined  
by the symmetry and integrability. 
3 BPS ops preserve SU(2|2)  
≏∱ ≏∲ ≏∳
≄ ≄
∽ ≸⊡∱ ⊡ ≸⊡∲≸⊡∱ ⊡ ≸∫∲ ∱⊡ ∱∽≸
⊡∱ ≸∫∲∱⊡ ∱∽≸∫∱ ≸∫∲ ⊾⊡∱∱∲
≥≩≰≩ ∽ ≸∫≩≸⊡≩≸∨≵∩ ∽ ≵ ∫
≰≵∲ ⊡ ∴≧∲∲≧ ≸⊧ ∽ ≸∨≵⊧ ≩∽∲∩
≧ ∽ ≰⊸∴⊼
In case you are interested….  
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Finite size corrections 
Insert a complete basis Insert a complete basis of states  
on the dashed lines. 
Mirror magnons 
∫ ≚ ≤≶ ⊹∨≶∩ ≥⊡ ≾≅∨≶∩≠ ∫ ⊢ ⊢ ⊢
measure propagation 
 factor 
Important property: ≥≩≰≠ ≥⊡ ≾≅≠“Wick rotation” 
We’ll see something similar also for higher-pnts. 
How does it generalize to 
higher-pt functions? 
Simple exercise at tree level 
At tree level, this can be computed by 
Set-up: 
1) List up all possible planar graphs. 
 
2) Sum over the positions of the derivative for each graph. 
≏∴
≏∲
≏∱
≏∳≠∱∲
≠∱∳
≠∱∴≘
≠≩≪
+ sum over the positions 
of the derivative 
≏∴
≏∲
≏∱
≏∳≠∱∲
≠∱∳
≠∱∴
Simple exercise at tree level 
Result: 
Simple exercise at tree level 
≏∴
≏∲
≏∱
≏∳≠∱∲
≠∱∳
≠∱∴
≏∱
≏≩ ≏≪
≏≫≏≬
Edge and cross ratios: 
c.f. Fock coordinate for Teichmuller space. 
      F.G. coordinate for moduli space of flat connection. 
Simple exercise at tree level 
Lesson: 
 
Cross ratios appear as a weight factor for physical magnons 
≏∱
It suggest that cross ratios couple also to mirror magnons… 
98
Hexagonalization: 
A proposal 
Hexagonalization of 4 BPS correlators 
Tree-level: 
≏∳
≏∱
≏∲
≏∴
≠∱∴≘
≦≠≩≪≧
Hexagonalization of 4 BPS correlators 
Proposal for finite coupling: 
≏∳
≏∱
≏∲
≏∴
≈∱ ≈∲
≈∳ ≈∴
≠∱∴
⋃∱∴
≘
≦≠≩≪≧
≘
≦⋃≩≪≧
measure propagation factor 
Weight factor (cross-ratio dependent) 
hexagons 
New! 
Weight factor from symmetry 
≏∳
≏∱
≏∲
≏∴
≈∱ ≈∲
• Consider gluing of the edge 14: 
• Perform the conformal transformation to map it to  
≏∱ ≏∳ ≏∴∰ ∱ ∱
• In this frame, 
≏∲
canonical 
“rotated” 
Weight factor from symmetry 
≏∳
≏∱
≏∲
≏∴
≈∱ ≈∲
∨≺∻ ⊹≺∩
≥≩≌⋁∰ ∱ ≪≺≪ ∱≥⊡≄ ≬≯≧ ≪≺≪
“Rotation”: 
canonical 
“rotated” 
Gluing: 
Weight factor (cross-ratio dependent) 
(Similar story for the R-symmetry rotation) 
Dilatation = Momentum for mirror state 
≏∳
≏∱
≏∲
≏∴
≈∱ ≈∲
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Testing the proposal at one-loop 
Four-point functions of length-2 operators 
∱ ∲
∳ ∴
∱
∲∳
∴ ∱ ∲
∳∴
1. Only 3 distinct graphs 
∱ ∲
∳ ∴
≶
Two simplifications: 
2. Only 1-particle in the zero-length channel 
Four-point functions of length-2 operators 
∱ ∲
∳ ∴
≶• 1-particle state:  
rapidity bound states 
(KK modes) 
derivative, 
scalar, fermion 
etc. 
• flavor sum = character  
su(2|2) a-th anti-sym rep. 
• Full 1-particle integral  
Four-point functions of length-2 operators 
• Leading order at weak coupling  
1-loop conformal integral  
∱
∲∳
∴
• Sum over 3 channels  
∱ ∲
∳ ∴
≶
∱
∲∳
∴ ∱ ∲
∳∴
[Drukker, Plefka], [Beem, Rastelli, van-Rees] 
Comment 1:Flip invariance, crossing 
∱ ∲
∳ ∴
∱ ∲
∳ ∴
• Flip invariance 
We can decompose the graph into hexagons in 2 different ways. 
• Crossing vs superconformal 
Crossing is manifest in our construction since we sum over different graphs (= channels). 
 
On the other hand, the full superconformal sym is not manifest since the choice of 
“vacuum” for the spin chain breaks the symmetry (down to su(2|2)2) 
Comment 2: Ladder integrals 
• Full 1-particle integral  ∱ ∲
∳ ∴
≶
n-th subleading term  n-loop conformal ladder integral  
One can expand this integral at arbitrary order at weak coupling  
Surprise: 
∱
∲∳
∴
∲∳
∱
∴
Full 1-particle integral resums all the ladder integrals! 
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Comment 3: Mellin-like representation? 
• Leading order at weak coupling  
Convert the sum over a into integral:  
Mirror states have imaginary eigenvalues of dilatation 
Reminiscent of the Mellin representation 
≃Deform the contour:  
Similar to Mellin but not quite... 
Conclusion & Prospects 
• Proposed a non-perturbative framework to study correlation 
functions in N=4 SYM. 
 
• Checked for 4 BPS, and 3 BPS + Konishi at one loop. 
 
• “String field theory for open mirror strings”? 
≏≩ ≏≪
≏≫≏≬
≏≳
Conclusion 
 
• String amplitudes from triangulation? 
 
• Cluster algebraic structures? 
 
• Sum over graphs = Moduli integration? 
 
• Can we study the strong coupling limit and see the emergence of 
the bulk locality? 
 
cf. [Maldacena, Simmons-Duffin, Zhiboedov] 
[Rastelli, Zhou] 
cf. [Gopakumar], [Razamat] 
Prospects 
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From Path Integrals to 
Tensor Networks for AdS/CFT
Tadashi Takayanagi 
Yukawa Institute for Theoretical Physics (YITP),  Kyoto University
This talk is based on 
(a) arXiv 1609.04645  with Masamichi Miyaji(YITP, Kyoto)
Kento Watanabe (YITP, Kyoto)
(b) Work in progress with  Pawel Caputa (YITP, Kyoto)
Nilay Kundu (YITP, Kyoto)
Masamichi Miyaji (YITP, Kyoto)
Kento Watanabe (YITP, Kyoto)
(c) Work in progress with Kanato Goto (Tokyo, Komaba)
⇒ Optimization of Path-intgeral
⇒Minimization Principle
⇒ Consistency with HKLL (bulk locally excited state)  
① Introduction
AdS/CFT (or holography) argues 
Gravitational theories = Quantum field theories.
⇒ ``Geometrization’’ of quantum dynamics.
A Basic Question: how can we understand the 
Einstein equation in a microscopic way ?
Geometry ↔ Matter
in d+1 dimension in d dimension
⇒ To get an insight, let us look at recent developments.
Quantum entanglement plays an important role.
⇒ ``Geometry’’ of Quantum States in QFTs.
``connectivity’’ of any spin pair ~ quantum entanglement 
Emergent spacetime from Entanglement 
Algebraically complicated !
=
Tensor Network
Ｑｕａｎｔｕｍ Ｓｔａｔｅｓ
AdS
Motivated by this, we want to propose 
Solving Einstein equation to compute the dynamics of 
(quantum) gravity
Optimizing networks of quantum entanglement
(i.e. tensor networks) for a given quantum state
=  Optimizing Euclidean path-integral computation of 
a given quantum state
[optimized = the most efficient]
equivalent
Our Main Claim
AdSd+1
CFTd
Hd = ‘‘Optimized’’ Euclidean 
Path-integral of CFT
zz=0
UV quantum state (ground state)
quantum state length scale z
Local 
excitation
A quantitative statement is available 
at least AdS3/CFT2 as we will see
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Another motivation: Tensor network renormalization
[Evenbly-Vidal 14, 15]
We can rewrite the Euclidean path-integral into a MERA 
tensor network.
Picture taken from
Evenbly-Vidal 
arXiv:1502.05385
In this talk, we would like to have a general argument 
which does not assume any specific tensor networks to 
avoid any lattice artifacts. 
Contents
① Introduction
② AdS from Position-dependent Cutoff in Free Scalar 
③ AdS3/CFT2 from Optimization of Path-integral
④ Other dimensions:  AdS2/CFT1, AdS4/CFT3
⑤ Relation to Tensor Networks
⑥ Comment on sub AdS scale locality
⑦ Conclusions
② AdS from Position-dependent UV Cutoff
(2-1) Euclidean Path-integral
Here we explain our idea in a toy model: 2d Free Scalar.
(Euclidean time: z=-τ) 
On shell solutions: 
b.c. at z=0
On shell action: 
( ) ( ) .   ][ 22Scalar  2 φφ zxd dxdzS ∂+∂= ∫
∫∞∞− −= zkikxekdkxz ||)(),( φφ
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We can ignore high momentum 
modes  k>1/z !  ⇒ Optimization
[ ])(, xz φΨ
z
This motivates us to introduce a position dependent 
UV cut off:
This leads to the wave functional:
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λ Correct result 
in the limit λ→0.
z-dependent wave functional (RG flow)
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/1
/1 ¹¸
·
©¨
§ −−−∝Ψ −
−∫ kkekdkxz zk
z
z
φφπφ λλ
λ
Improved UV cut off
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correct vacuum 
wave functional
for k<1/z
High momentum modes
are suppressed
A version of cMERA
(IR state = Dirichlet
boundary state)
[Similar to Fliss-Leigh-Parrikar 16]
[Miyaji-Ryu-Wen-TT 14]
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(2-2) Metric and Conformal Symmetry
UV cut off in the original UV theory: k<Λ=1/ε
We discretize the Path-integral into length ε cells 
⇒ This defines a metric !   (one cell -> unit length)
At time -z,   the UV cut off  is given by k<1/z.
z=ε is the wave functional of the original UV theory.
Using the conformal invariance, we find the metric:
2
22
2
z
dzdxds += = Hyperbolic  
Space H2
= A time slice
of AdS3
Summary: Optimization of Path-Integral
Time
-z
Space x
[ ])(xϕΨz=0
z=∞
Optimize
High energy modes 
k>1/z are not important !
= Hyperbolic 
Space H2
[ ])(Opt xϕΨ
2
22
2
z
dzdxds +=
Conformal Sym. and Killing Sym. in AdS
The vacuum wave function of 2d CFT has SL(2,R) sym. 
⇒ This precisely agrees with the SL(2,R) sym. of H2.
[Poincare AdS3]
[Global AdS3 (compactified case: X～X+2π)]
is invariant under                 , where 
Note: The higher dim. generalization is straightforward.
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③ AdS3/CFT2 from Optimization of Path-integral
Now we would like to give a more systematic argument 
which can be applied to any 2d CFTs.
Discretization of Path-integral 
→ Metric (one cell = unit length) )(
22),(22 dzdxeds zx += ϕ
[ ] ( ))0,()( ),()( )(
0
=Φ−Φ⋅Φ=ΦΨ Φ−
∞<<∞−
∞<<
∫ ∏ zxxezxDx CFTS
x
z
g δ
Our Proposal (Optimization of Path-integral):
Minimize                     w.r.t 
with the boundary condition    
[ ])(xg ΦΨ ),( zxϕ
.1| 2
2
εε
ϕ ==ze
Comments on Optimization
In CFTs, we have
In other words, 
The normalization N  estimates repetitions of same 
operations of path-integration. → Minimize  this !
For two dimensional CFTs,  N[φ] can be obtained from 
the Liouville action. 
[ ] [ ] .  )()(2 xx abababab geg ΦΨ∝ΦΨ == δδϕ
[ ] [ ] .  )(][)(2 xNx
abab eg
ΦΨ⋅=ΦΨ = ϕδϕ
( )
.4  :Minimum
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µϕϕ
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（Liouville Theory）
depends on metric due to Weyl anomaly 
and UV regularization.
(3-1) Poincare AdS3
[ ])(xg ΦΨ
)4set   we(
!   Reproduces 2
=µ
H
UV div.  ~ε-2Conformal Anomaly
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(3-2) BTZ and Thermofield Double
TFD state is described as 
[ ]
( ) ( ))4/,()()4/,()( ),(
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EOM:
⇒ Solutions:
We choose:
This leads to the metric:
If we introduce                             , then we get  
).         ,
16
2 ixz(weww +≡=∂∂ ϕ
µϕ
.
))()(1(
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wBwA
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ϕ
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22222 dxddzdxeds ρβ
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Reproduce 
ER Bridge
of BTZ 
(3-3) Global AdS3 and Excitation
We insert an operator O(x) in the center of disk.
O(x): conformal dim. = (h,h)  
Thus we minimize 
O(x0)
|w|=1
.~)( 2 ϕ⋅−⇒ hexO
.)(224
0
0xh
Sc
ee L ϕπϕ −⋅∝Ψ
Ψ
.0)(6
16
22 =+−∂∂ w
c
heww δ
πµϕ ϕ
Solution:
Metric:  
⇒ Deficit angle geometry
This agrees with the gravity dual if h/c<<1.
The AdS/CFT predicts
Indeed, if we consider the quantum Liouville CFT, 
then                                             
⇒ We get    
)./121(     ,   ,)( chaw)wB(wwA aa −≡==
.2~ aπθθ +
θζζ
ζζ ia rewddds =≡−=       ,)||1(
4
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4
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Summary
Time
Optimize
We locally need a fine graining
⇒ The metric gets larger ! Local excitation
(energy source）
This matches with the concept 
of general relativity !
④ Other dimensions
(4-1) AdS2/CFT1
At first sight, one may be confused as the action
gets trivial when minimized.
⇒We need to add the conformal sym. breaking effect ! 
[Sachdev-Ye-Kitaev model, Polchinski-Rosenhaus 16, Maldacena-Stanford 16]
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(4-2) AdS4/CFT3
There is no Weyl anomaly, but we need UV regularization.
(e.g. heat kernel method)
Our minimization leads to 3d Hyperbolic space.
We can also reproduce the first order perturbation of 
localized excitation (massive particle in AdS).
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⑤ Relation to Tensor Networks
(5-1)  Entanglement Entropy and AdS/CFT
Divide a quantum system into two subsystems A and B.
Define a reduced density matrix        for A by
Entanglement entropy        (measure of ent.) is defined 
by the von-Neumann entropy:
A B
Example: Spin Chain .   BAtot HHH ⊗=
Aρ
Holographic Entanglement Entropy  (HEE)
[Ryu-TT 06;  derivation: Casini-Huerta-Myers 11, Lewkowycz-Maldacena 13]
[Hubeny-Rangamani-TT 07; derivation: Dong-Lewkowycz-Rangamani 16]
is the extremal surface 
(codim.=2)  such that            
homologous
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The HEE suggests that 
A spacetime in gravity 
=  Collections of qubits of quantum entanglement
B
Aγ
A
Planck length
A useful explicit framework for this is the tensor network.
Tensor Network (TN)  [See e.g. the review Cirac-Verstraete 09]
Recent remarkable progresses in numerical algorithms 
for quantum lattice models:
⇒ Tensor network states
= Efficient variational ansatz for the ground state 
wave functions in quantum many-body systems. 
⇒ An ansatz is good if it respects the quantum 
entanglement of the true ground state.
Quantum wave function ⇔ Geometry of network of entanglement 
Tensor Network for CFT: MERA [Vidal 05] 
=
! CFT 2din  results
 with agrees  
     log     
]links[#Min
⇒
∝
≤
L
SA
Coarse-graining = Isometry
[ ] [ ] adbcdabc TT δ=†
a b
c
d a d
Disentangler
= Unitary trf.
106
AdS/MERA Proposal [Swingle 09]
0=u 1−=u
A
A
 Min[Area]
Aγ
.        ,)( 2
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2
2
2 u
u
ezwhere
z
xddtdzxddteds −⋅=+−=+−+ εε 　
&
&
2+dAdS
1+dCFT
Aγ
Links]Min[#
? Equivalent
)( IRuu ≡−∞=
The original idea: Tensor Network of MERA (∃scale inv.)
= a time slice of AdS space 
[MERA as Kinematic Space: Czech, Lamprou, McCandlish, Sully 15⇒(a),(b)]
[New TN by using perfect tensors: Pastawski-Yoshida-Harlow-Preskill 15 ⇒(a),(b),(c)]
TN by using random tensors: Hayden-Nezami-Qi-Thomas-Walter-Yang 16
Problems [see e.g. Beny 2011, Bao et.al. 2015, Czech et.al. 2015]
(a) Special Conformal invariance ?
(b) ∃RG causal structure in MERA → dS instead of AdS ?
(c)  Why the EE bound is saturated ?
(d) Sub AdS scale Locality ?
We proposed a different route by describing the 
wave functional in terms of Euclidean path-integral. 
,
ds (K (s) + L) ·¸ ⋅ Ω .= P ⋅exp§− i∫Ψ(u)
IR stateState at scale≈ ε ⋅e-u
K (u) : (dis)entangler,
¹© −∞
u
	

→ SA = 0 for any A.
L :coarse - graining (space - like rescaling).
Ω : unentangled state in real space
This is identified with
so called a boundary state.
[Miyaji-Ryu-Wen-TT 14]
UV :u = 0, IR :u = −∞
(5-2) cMERA (continuous MERA) formulation
[Haegeman-Osborne-Verschelde-Verstraete 11]
(5-3) Interpreting AdS/CFT as cMERA
[Miyaji-Numasawa-Shiba-Watanabe-TT 15, Miyaji-Watanabe-TT 16]
AdS3/CFT2 setup
Consider the global AdS3 space:
ds2 = R2 (−cosh2 ρdt 2 + dρ 2 + sinh2 ρdφ 2 ),  
whose isometry SL( 2,R)× SL( 2,R) is generated by
t=0
On a time slice, the isometry
(n = 0,±1).l = L − ~is generated by n n L−n
t
ρ
φ
Derivation of cMERA from AdS3/CFT2
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Since we have                                              in AdS3/CFT2, 
we can identify M as follows:
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δ
δδ
DTdM t =+⋅⋅≈ ∫−→
In this way, M is identified with the dilatation D.
⇒ This reproduces the cMERA network !
ρ
)(ρΨ
AdS bdy
.
sinh
sinh)(     ,0)(
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u
R
eR ===Ψ
∞ρ
ρρρ ρ
[⇒Surface/state correspondence: Miyaji-TT 15]
(5-4)  Relation to Path-integral Approach
Below UV cut off (universal)
⇒ Agrees with                         from the path-integral.
Above UV cut off (∃ several possible choices of IR states)                                                                                   
Cut off functions g(z)
in the path-integral:
.  for    0)( ucMERA eku Λ<=Ψ
)](,[ xz φΨ
( ) ( )( ) )|(|||1||)|(| zkgzkzkzkf ⋅Γ−+Γ=
    Dirichlet)|(|    )( || =Ω⇒∝ IRzkezkgii
    Neumann
||
1)|(|    )( =Ω⇒∝ IRzkzkgi
[Original cMERA: 
Haegeman et.al.]
[Modified cMERA: 
Miyaji et.al.]
⇒Not Universal
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(5-5) Optimization and Complexity
In our approach, we minimize the normalization N in
In the tennsor network language, we speculate
log[N] ～# vertices in TN ～ complexity 
Indeed, we find  
log[N]∝Vd-1・ε-d-1∝Volume of Hd for CFTd .
[ ] [ ] .  )(][)(2 xNx
abab eg
ΦΨ⋅=ΦΨ = ϕδϕ
[Volume Conjecture: Susskind 14]
[Action Conjecture: Brown-Roberts-Susskind-Swingle-Zhao 15]
⑥ Comment on Sub AdS scale locality
Consider cMERA for a symmetric orbifold CFT  Rm/Sm.
⇒In the long string sector  (i.e. twisted sector of Zn) 
The cut off  in general cMERA: Z)(    ,
0
∈Λ<= ne
R
np u
Z)(    ,  
0Graining Fine
∈Λ<=⇒ ne
mR
np u
This 1/c  fine graining may lead 
to a resolution of at 
(maximally) Planck scale
(<< AdS radius scale).  
mxxixx ii πφπφ 2~      m,...,2,1     ),()2( )1()( +⇒==+ +
A lattice version 
(``Folded MERA’’)
⇔Long string sector
For holographic CFTs we expect:
the z-dependent wave functional                       is 
k< 1/z  :  the vacuum of the original CFT
1/z< k < c/z : a vacuum of some non-local theory
k>c/z  : a trivial state  (above the UV cut off )
Indeed the HEE supports this:
.       
,log
3
       
)(
)(
ε
ε
xcSzx
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A
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A
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∆≈⇒>>∆
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⑦ Conclusions
• We proposed :
An optimization of Euclidean path-integral of a CFT state  
⇔ (a time slice of) its gravity dual in AdS/CFT
We checked this correspondence mainly for AdS3/CFT2:
(1)  Ground state of CFT → Hyperbolic space
(2)  Thermofield Doubled CFT → ER bridge (or BTZ BH)
(3)  Local operator insertion (h<<c) → Conical deficit angle 
However, our results for highly excited states (h~c) suggest
that the Weyl scaling factor gets ``quantum’’.
Comparisons with AdS/tensor network
Tensor network (cMERA) → Lorentzian 
Our Path-integral               → Euclidean
New features in the path-integral approach:
(1) AdS2/CFT1 is possible  (though no real space to coarse-grain).
(2) We can extract the metric in the continuum limit. 
(3) This can be applied to  any CFTs.  
(4) An analysis of local operator insertion is straightforward.
The same quantum state
below the cut off
Future problems
• Computing correlation functions, entanglement entropy etc.                                                        
• More general metric  (non conformally flat, time-dependent)
• How do we find gtt ?
・ What is special about large N strongly coupled CFTs ?
• dS/CFT version ? 
:
Main Picture
Optimization of Path-Integral = Optimization of Tensor Network
Solving Einstein equation 
Is AdS/CFT the``fastest quantum computer’’ ??
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Thank you !
Other slices in AdS
AdS3
CFT2
¸¸¹
·
¨¨©
§ ++= 2
22
222
3 cosh y
dydxddsAdS ηη
η
H2
H2 Dual to the position 
dependent cut off
¸¸¹
·
¨¨©
§Γ ηcosh
|| zk
[AdS/CFT on hyperbolic slices: Karch-Randall 00,  
Aharony-Marolf-Rangamani 10]
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Introduction
In this talk I study the classical vacuum Einstein equation
RMN = 0
As we all know, these equations admit extremely simple
exact solutions describing stationary or static black holes.
The familiar Myers Perry and Schwarzschild solutions
describe black holes once they have settled down into their
equilibrium state. As vividly brought home to us by LIGO,
solutions describing black holes in dynamical situations are
very interesting.
The equations that govern the dynamics of black holes,
however, appear to be too difficult solve exactly. For this
reason in this talk I take recourse in an approximation
scheme, justified by the 1D .
Shiraz Minwalla
Thin black holes at large D
The metric of a D dimensional Schwarschild black hole
boosted to velocity uM in Kerr Schild coordinates :
gMN = ⌘MN +
(drM   uM)(drN   uN)⇣
r
r0
⌘D 3 ,
uM = const, u2 =  1, r2 = xMPMNxN , PMN = ⌘MN + uMuN
Following EST note that the black hole reduces to flat
space at any r > r0 that is held fixed as D !1.
On the other hand if
r = r0(1+
R
D   3)
and R held fixed as D !1 then
gMN = ⌘MN + e R(drM   uM)(drN   uN)
Thus the ‘tail’ of the black hole extends only thickness r0D .
Shiraz Minwalla
Collective Coordinate ansatz
Now consider the more general ansatz metric
g0MN = ⌘MN +
(n   u)M(n   u)N
⇢D 3
, (1)
where ⇢ is an unspecified function in flat Minkowski space
u is a oneform ‘velocity’ field in flat space
n =
d⇢p
@⇢2
, u2 =  1, u.n = 0
As above, the deviation of (1) from flat space is
proportional to e D(⇢ 1). (1) is flat when ⇢  1  1D .
Moreover it is easily checked that
n.n =
✓
1  1
⇢D 3
◆
Thus the codimension one submanifold ⇢ = 1 is null. Its
generators are tangent to uM . Dissipative nature of
equations will ensure that this surface is the event horizon.
Shiraz Minwalla
Einstein’s equations on the ansatz
In order to predict the evolution of the region outside the
event horizon we can ignore the interior region. Moreover
spacetime nontrivial only in thickness 1D around ⇢ = 1. So
can also forget about most of the exterior.
Thus we focus entirely on the membrane region ⇢  1 ⇠ 1D .
Evaluate Einstein’s equations, RMN = 0. Assume that ⇢
and u vary on length scale unity. 1
⇢D 3 nonetheless varies
on length scale 1/D. Consequently generically
RMN = O(D2). However if
u = const, ⇢ =
r
r0
, then RMN = 0
This fact can be used to show that when
r2
✓
1
⇢D 3
◆
= 0, r.u = 0, then RMN = O(D)
In other words velocity fields membrane shape are large D
collective coordinates.
Shiraz Minwalla
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Perturbation theory
Now consider the metric
gMN = g0MN + ✏
1
D
g1MN . . .
Where g1MN , like g
0
MN , is built out of
1
⇢D 3 along with uM and
⇢ but is otherwise independent of D. ✏ is a counting
parameter, eventually set to unity. Note
RMN = RMN(g0) + ✏
✓
1
D
O(D2)
◆
= O(D) + ✏O(D)
Both terms above are of order 1D . 2nd term linear
differential operator on g1MN . Requiring RMN vanishes at
O(D) yields inhomogeneous linear differential equations
for g1MN .
Shiraz Minwalla
Dynamical Equations
Slices of constant ⇢ give a foliation of spacetime. View
Einstein’s equations as evolving forward in ⇢.
Dynamical equations : inhomogeneous second order
differential equations for g1MN . Classify modes by
SO(D   2) rotations orthogonal to n and u.
Equations for tensor decouple from vectors and scalars.
Ordinary differential equations in ⇢.
Equation for vector decouples from scalar but mixes with
the divergence of the tensor. Plugging in known tensor find
2nd order ordinary differential equation in ⇢ with known
source. Easily solved.
Equation for scalars mixes with single divergence of vector
and double divergence of tensor. Plugging in known
solutions find 2nd order ordinary differential equation for
scalars. Easily solved.
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Uniqueness of solution
In order to actually solve we pick a gauge, demand ⇢ = 1 is
the event horizon and uM tangent to its generators even at
subleading order in 1D .
Crucially we also demand that g1MN deays for ⇢  1  1D
(i.e. to the exterior of the membrane region) and that the
solution is regular at the event horizon ⇢ = 1.
The solution for g1MN turns out to be unique, completely
explicit and and very simple. We find a low degree
polynomial in 1
⇢D 3 and ⇢  1. Coefficients all local
expressions constructed out of at most two derivatives of
uM and the extrinsic curvature KMN of the ⇢ = 1 surface,
viewed as a submanifold of flat space.
Our solutions solve Einstein’s equations to a given order in
1
D in the membrane region ⇢  1 ⇠ 1D . More generally they
can be shown to well approximate the true solution
provided ⇢  1⌧ 1.
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Constraint Equation
Once the dynamical equations have been solved we need
solve the contraint equations only on a single constant ⇢
slice. The event horizon ⇢ = 1 most convenient choice.
Infact g1MN happens to drop out of the constraint equations
evaluated on this slice, so the constraints can be evaluated
on the metric g0MN . By explicit evaluation we find
r.u = 0
PAL
"
u ·ruA   uBKBA   r
2uA
K +
rAK
K
#
= 0
where KAB is the extrinsic curvature of the membrane and
K is the trace of KAB. Here P is the projector orthogonal to
the velocity u on the membrane.
Shiraz Minwalla
Initial value problem from membranes
We have D   1 membrane equations. Same as number of
variables (D   2 velocities and one membrane shape). The
membrane equations thus provide a dual autonomous
description of black hole dynamics.
Equations reminiscent of the hydrodynamics of
incompressible fluid but on a dynamical surface.
Contraint equations on the horizon also central to ‘old’
membrane pardigm. New element here: explicit
construction metric in the vicinity of the event horizon in
terms of collective coordinates. Transforms constraint into
dynamical equations for a well posed initial value problem.
Can replace all of the black hole spacetime - not just
interior - with a non gravitational membrane that lives on a
timelike submanifold of flat space. New power result of
new parameter, 1D . Our discussion can be systematically
generalized to arbitrary order in 1D .
Shiraz Minwalla
The membrane ‘particles’
r.u = 0. This equation can be thought of a conservation
equation for the current uM . Will see below that this is
simply the entropy current. Can imagine it is carried by a
collection of bits or particles. Conservation tells that that
particle world lines never begin or end.
The congruence of the world lines of the D   2 parameter
set of membrane particles defines the membrane world
volume. Particles move in a manner to ensure that their
rest frame density (on the membrane world volume) is
always unity. The equations
PAL (u ·ruA) = PAL
"
uBKBA +
r2uA
K + 
rAK
K
#
are Newton’s laws for membrane particles.
RHS above can be written in terms of neighbouring
trajectories. May be a useful way to think in order to put the
equations on a computer.
Shiraz Minwalla
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Membrane equations at subleading order
At next subleading order we find
r · u = 1
2K
⇣
r(AuB)r(CuD)PBCPAD
⌘
and
"r2uA
K  
rAK
K + u
BKBA   u ·ruA
#
PAC" 
  u
CKCBK
B
A
K
!
+
 r2r2uA
K3  
u ·rKrAK
K3  
rBKrBuA
K2   2
KCDrCrDuA
K2
!
0@ rAr2KK3 +
rA
⇣
KBCK
BCK
⌘
K3
1A + 3 (u · K · u)(u ·ruA)K   3 (u · K · u)(u
BKBA)
K
6
(u ·rK)(u ·ruA)
K2 + 6
(u ·rK)(uBKBA)
K2 +
3
(D   3) u ·ruA  
3
(D   3) u
BKBA
#
PAC = 0
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Adding Charge
The construction described above generalizes in a
straightforward manner to the Einstein Maxwell system.
Our collective coordinate construction is a simple
generalization of the Reisnner Nordstorm solution in Kerr
Schild coordinates. In addition to the shape and velocity
field, our ansatz configurations depend on a charge
density field Q.
The leading order charged equations of motion are✓r2u
K   (1 Q
2)
rK
K + u · K   (1+Q
2)(u ·r)u
◆
· P = 0,
r2Q
K   u ·rQ  Q
✓
u ·rK
K   u · K · u
◆
= 0,
r.u = 0
The extra‘charge diffusion’ equation governs the dynamics
of the additional charge degree of freedom. Note the
diffusive and convective terms.
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Quasinormal Modes about RN black holes
Simplest solution: static spherical membrane. Dual to RN
black hole. Linearizing the membrane equations yields
!rl=0 = 0
r0!rl =
 i(l   1)±
q
(l   1)(1  lQ40)
1+Q20
(l   1)
r0!Ql =  il (l   0)
r0!vl =
 i(l   1)
1+Q20
(l   1)
(2)
Note highly dissipative. Can compare with direct gravity
analysis of QNMs at large D. Turns out two kinds of
modes. Light, ! ⇠ 1r0 . Heavy, ! ⇠ Dr0 . Spectrum above in
perfect agreement with light modes. Our membrane
equations: nonlinear effective theory of light modes
obtained after ‘integrating out’ the heavy stuff.
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Zero modes
!rl=0 = 0
r0!rl =
 i(l   1)±
q
(l   1)(1  lQ40)
1+Q20
(l   1)
r0!Ql =  il (l   0)
r0!vl =
 i(l   1)
1+Q20
(l   1)
(3)
!rl=0, !
r
l=1 !
Q
l=0 and !
v
l=1 are all zero modes. Each has a
simple physical interpretation - exact zero mode. All other
modes dissipate away. Dynamics very stable about static
spheres.
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Gregorry Laflamme Instability
The spherical membrane solution - about which we
linearized above - has an obvious generalization, namely
the solution with u =  dt and shape SD p 2 ⇥ Rp⇥ time.
This configuration is dual to the ‘black p brane’. The
special case p = 1 id dual to a black string.
Black branes are known to suffer from ‘Gregorry Laflamme’
instabilities at every D. In order to see this instability from
the membrane equations we focus on configurations that
preserve the SO(D   p   1) isometry and linearize the
membrane equations about the exact black brane
solutions.
Turns out that the ‘radius’ zero mode of the previous slide
develops the following dispersion relation
w = i
 
  k˜p
n
  k˜
2
n
!
where k˜ is the momentum along Rp and n = D   3.
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Scaling and endpoint
Note the instability for k˜ <
p
n. Rayleigh instability of the
membrane.
Factor of
p
n in the frequency suggests that the interesting
physics happens at length scale 1pn . Also form of
eigenfunction suggests ui ⇠ 1pn and  r ⇠ 1n .
Consequently move to new scaled coordinates in which
the flat space metric takes the form
ds2 =  dt2 + dy
2
n2
+
1
n
dxadxa +
⇣
1+
y
n
⌘2
d⌦2n (4)
Then evaluate the membrane equations and retain only
leading terms in 1D .
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Nonlinear ‘black brane’ equations
ub@by + @bub + @t y = 0
@b@bua + @ay   ub@bua + @by@bua   ub@b@ay
+ @by@b@ay + @b@b@ay   @tua   @t@ay = 0
(5)
The field redefinitions
y(t , xa) = logm(t , xa)
ua(t , xa) =
pa(t , xa)  @a (m(t , xa))
m(t , xa)
(6)
turn the equations into
@tm   @b@bm + @bpb = 0
@tpa   @b@bpa   @am + @b
✓
papb
m
◆
= 0
(7)
‘Black brane’ equations of EST. Scaling limit of membrane
equations. Capture nonlinear end point of GL transition.Shiraz Minwalla
Radiation and the Stess Tensor
Would like to find the radiation emitted in the course of an
arbitrary membrane motion. For instance consider a large
D version of a black hole collision.
Initial state two sphrical membranes (or rotating
membranes, see below). Non interacting till they collide.
After than the two spheres merge into one. After this our
membrane equations take over, describing the transition
from a smoothed out version of two touching spheres to a
larger single sphere.
Question: what would a large D LIGO experimentalist
detect from such a collision? What radiation does a
complicated membrane motion source?
Because our construction of the metric dual to a
membrane motion is valid only for ⇢  1⌧ 1 we cannot just
read off the radiation by setting ⇢ large in our formulae.
Need to be cleverer.
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Stress Tensor
Membrane spacetimes good when ⇢  1⌧ 1. However
gravity effectively linear for ⇢  1  1D . Thus when
1
D
⌧ ⇢⌧ 1
both approximations are good. Can use our membrane
spacetimes to identify the effective linearized solution in
overlap region, and then use linearized gravity to continue
the solution to infinity to obtain radiation.
Turns out that there is an elegant way to state the answer
to the second part of this programme at large D.
Given a linearized solution of gravity at large D we
evaluate its Brown York stress tensor on the membrane,
and subtract from it a contribution that arises from the
variation by a ‘boundary counterterm’ that can be
computed order by order in 1D . By explicit computation
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Conservation of the Stress Tensor
S =
Z p
R + 2r2
✓
1p
R
◆
+ . . .
Where R is the Ricci scalar of the induced metric on the
membrane. Counterterm action appears to receive
contributions at all order in 1D .
Can abstractly show that this procedure yields a world
volume stress tensor TMN on the membrane that is
conserved on the membrane worldvolume viewed as a
submanifold of flat space. Moreover TMNKMN = 0.
It is easy to check that these two properties ensure that
TstMN = TMN
q
(@⇢)2 (⇢  1)
is a conserved in space time. TstMN is the effective source
for gravitational radiation. Radiation obtained by
convoluting against a retarded Greens function.
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Explicit form of Stress Tensor
8⇡TAB =
✓K
2
◆
uAuB  
✓rAuB +rBuA
2
◆
+
✓
1
2
◆
KAB
+
1
2
✓
uA
✓rBK
K +r
2uB
◆
  uB
✓rAK
K +r
2uA
◆◆
  PAB
✓
1
2
u · K · u + 1
2
K
D
  K
MN (rMuN +rNuM)
2K
◆
First term: leading order (order D). Is the stress tensor of
dust with density K. All remaining terms O(1). Second
term shear viscosity. Will see below that ⌘s =
1
4⇡ . Second
line can be absorbed into a redefinition of the velocity. Last
line is like a field dependent surface tension. Discussion
easily generalized to charge current. We find
JA =

QKuA  
✓K
D
◆
(Q(u · @)uC + @CQ)PCA
 
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Equation of motion from conservation
As we have explained above, we could abstractly
demonstrate the conservation of the stress tensor dual to
any linearized solution of Einsten’s equations. Interesting
to see how it works in detail in the case of the membrane.
By explicit computation we find that uArBTAB / r.u. And
PBArCTCB is proportional to the other membrane equation
of motion! In other words the membrane equations are
simply the condition that the membrane stress tensor is
conserved.
Similar story for the charge current. Explicit formula.
Conservation gives the new charge equation of motion
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Energy loss in radiation
The membrane stress tensor presented above is O(D) and
so is not small. One might thus incorrectly conclude that
the energy lost in radiation is also substantial. This
incorrect conclusion contradicts the conservation of the
membrane energy and is also in tenson with the locality of
membrane equations.
Even though the stress tensor is substantial, in actuality he
loss of energy in radiation is actually extremely small. In
particular it is of order 1DD and so is non perturbatively
small in the at large D.
The explanation of this smallness lies not in the nature of
Greens functions in a large number of dimensions as we
now explain
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Greens functions at large D
In order to study the structure of the retarded Green’s
function for the operator r2 in D dimensions it turns out to
be useful to work in Fourier space in time but coordinate
space in the spatial coordinates.
Let the Greens function take the form G!(r)e i!t . Let
G!(r) =  !(r)/r (D 3)/2. Away from r = 0 it is easy to
check that  obeys the equation
 @2r  ! +
(D   4)(D   2)
4r2
 ! + !
2 ! = 0
Effective Schrodinger problem with h¯2/2m = 1, E = ! and
V (r) =
(D   4)(D   2)
4r2
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Radiation
The potential for the Schrodinger problem is positive and of
order O(D2) while the energy ! is of order unity. A mode of
order unity at r = r0 decays as it tunnels to r = D2! where it
finally begins to propagate as radiation field of amplitude
1
DD .
Restated, we have two kinds of light modes in black hole
backgrounds: the light QNMs and light radiation far away
from the black hole. The coupling between these two kinds
of modes is nonperturbatively small at large D.
At large D the near horizon geometry of a Schwarschild
black hole decouples from the outside, much as the near
horizon geometry of D3 branes decouples from the outside
at low energies. Our membrane equations are the
analogues of the hydrodynamics of N = 4 Yang Mills.
Does there exist a quntum ‘atomic’ theory, the analogue of
the N = 4 Yang Mills Lagrangian?
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Polarization by gravity waves
We have so far studied spacetimes that reduce to exactly
flat space far away from the black hole (apart from
radiation). Another interesting phenomenon one might
want to study, however, is what happens when you shine a
gravity wave (or EM wave) onto a black hole.
In order to answer this question we need to generalize our
considerations as follows. Consider any reference horizon
free solution of Einstein’s equation (e.g. a long wavelength
gravity wave). Problem: construct black hole solutions of
GR that rapidly asymptote to the given reference solution
away from the black hole. Solution: almost trivial at first
order. ‘Equivalence principle’. In the membrane equation
we simply promote every flat space derivative to a
covariant derivative in the ref spacetime.
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Polarization
Can now compute the ‘polarizability’ of black holes. I.e.
compute the response of the membrane to an incident
gravity wave of any angular momentum. Related to the so
called ‘Love numbers’ defined by GR practitioners.
Find simple analytic expressions for angular momentum
dependent polarizabilities as a function of frequency. The
! dependence of these polarizabilies is particularly simple:
e.g. in the case of scalar modes for uncharged black holes
we find that the polarizability is proportional to
!rl+!
r
l 
(!   !rl+)(!   !rl )
where !rl± are the two quasinormal mode frequencies
listed above.
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Entropy Current
As black holes are thermodynamical objects, the black
hole membrane should carry an entropy current in addition
to its stress tensor and charge current. As the membrane
equations are local we expect the second law of
thermodynamics to operate in a local manner.
Consequently the divergence of the entropy current should
always be non negative.
Our black hole membrane does indeed have such an
entropy current. The area form on the event horizon
defines an area form on the membrane, which measures
the entropy carried by any part of the membrane. The
entropy current is obtained by Hodge dualizing this form.
The Hodge dual is taken w.r.t. the flat space induced
metric on the membrane. The non negativity of divergence
of this entropy current is then ensured by Hawking’s area
theorem.
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Entropy Current
Using our explicit construction of the metric dual to any
membrane motion we find
JSM =
✓
I +O
✓
1
D2
◆◆
uM
4
At leading nontrivial order
r.JS = r.u
4
==
1
8K
⇣
r(AuB)r(CuD)PBCPAD
⌘
+ . . .
Shiraz Minwalla
Stationary solutions
Entropy production must vanish on stationary solutions. It
follows that  MN vanishes on such solutions. Recall that
r.u also vanishes. It can be shown that a veolcity field has
these properties if and only if it is proportional to a killing
vector on the manifold on which it lives.
In the simplest solution the membrane has a unique killing
vector @t . Easy to demonstrate that the lowest order
membrane equation reduces to K = const in agreement
with a direct analysis by EST of static solutions.
Another simple situation: the manifold preserves some
axial symmetries. In this case the velocity field has to be
that of rigid rotations. Plugging this into the membrane
equations we once again recover the equation K =/   of
EST (  = 1p
1 v2 ). Easy to explicitly solve.
Generalizes to charge. Q /  . Can construct charged
rotating solutions.
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Conclusions
We have demonstrated that the near horizon geometry of
charged and uncharged black holes decouples from
asymptotic infinity at large D. At the classical level the
decoupled theory is governed by a set of equations that
describe the propagation of a membrane in flat space.
The degrees of freeedom of this membrane are its shape
and a velocity and a charge density. The membrane
carries a conserved stress tensor and charge current
whose explicit form we have detrmined at low orders.
Membrane equatons of motion are simply the staement of
conservation of these currents and appear to define a well
posed non gravitational initial value problem.
Radiation reflects the failiure of decoupling and occurs at
order 1/DD. The explicit form of radiation fields is obtained
by coupling the membrane stress tensor and charge
current to the linearized exterior metric and gauge fields in
the usual manner.
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Future Directions?
Have studied black holes in spaces that are flat away from
the membrbane region. Would be interesting to generalize
to solutions that reduce to other solutions (e.g. waves) of
Einstein equations. Also useful to generalize to gravity with
a cosmological constant. In progress (see refs)
It would be interesting to perform a structural analysis of
the constraints on membrane equations that follow from
the requirement that they carry a conserved entropy
current. Perhaps this analysis could shed light on the still
mysterious second law of thermodynamics in higher
derivative gravity.
Could be interesting to use the membrane to study the
large D versions of complicated gravitational phenomena.
E.g. black hole collsisons. D = 4?
Could the membrane equations derived presented above
turn out to be the hydrodynamical equations for a
consistent quantum theory?
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Markov process
· · · · · ·VL V1 Vi Vi+1
· ····
|P(t + 1)⟩ = T |P(t)⟩ ∈ V1 ⊗ · · ·⊗ VL
is the master equation of Markov process with discrete time t, if
1 Positivity; Tα1,...,αLβ1,...,βL ∈ R≥0,
2 Sum-to-unity;
∑
α1,...,αL
Tα1,...,αLβ1,...,βL = 1,
where T (|β1⟩ ⊗ · · ·⊗ |βL⟩) =
∑
α1,...,αL
Tα1,...,αLβ1,...,βL |α1⟩ ⊗ · · ·⊗ |αL⟩.
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Integrability
We want to obtain an eigenvector (steady state) for the largest
eigenvalue 1 of T .
There is also a continuous time Markov process
d
dt
|P(t)⟩ = H|P(t)⟩.
AIM: Using the technique of quantum intebrable systems, such as the
symmetry of quantum group, commuting transfer matrices,
Zamolodchikov-Faddeev algebra, we wish to construct a family of Markov
processes (discrete and continuous time at the same time) and find a
simultaneous eigenvector for the largest eigenvalue of T and H.
Theorem
{Markov processes} ∩ {Quantum integrable systems} ̸= ∅
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Plan of talk
This talk is mainly based on
Kuniba, Mangazeev, Maruyama and O, Stochastic R matrix for Uq(A
(1)
n ),
Nucl. Phys. B913 (2016) 248–277,
Kuniba and O, Matrix product formula for Uq(A
(1)
2 )-zero range process,
J. Phys. A: Math. Theor. 50 (2017) 044001 (20pp).
I: Quantum/stochastic R matrix
Starting from Uq(A
(1)
n ), Symmetric tensor representation, Quantum R
matrix, Stochastic R matrix, Specialize to see positivity, Specialized S
matrix
II: Constructing integrable Markov processes
III: Calculating steady state
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Starting from Uq(A
(1)
n )
A(1)n : Affine algebra whose Dynkin nodes are indexed by I = {0, 1, . . . , n}.
Cartan matrix: (aij)i ,j∈I where aij = 2δ
(n+1)
ij − δ(n+1)i ,j+1 − δ(n+1)i ,j−1 .
Uq = Uq(A
(1)
n ): Quantized enveloping algebra generated by ei , fi , ki (i ∈ I ),
kiejk
−1
i = q
aij ej , ki fjk
−1
i = q
−aij fj , [ei , fj ] = δij
ki − k−1i
q − q−1
+ Serre rels.
Uq is a Hopf algebra, so there exists an algebra homomorphism
(coproduct) ∆ : Uq → Uq ⊗ Uq, such that
∆(ei ) = 1⊗ ei + ei ⊗ ki , etc.
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Symmetric tensor representation
For l ∈ Z>0 set
Bl = {α = (α1, . . . ,αn+1) ∈ Zn+1≥0 | |α| :=
n+1∑
i=1
αi = l}
Vl =
⊕
α=(α1,...,αn+1)∈Bl
Q(q)|α1, . . . ,αn+1⟩.
There exists a representation of Uq (symmetric tensor representation of
degree l) with spectral parameter x
πlx : Uq → End(Vl),
πlx(ki )|α⟩ = qαi+1−αi |α⟩, πlx(ei )|α⟩ = xδi,0 [αi ]|α− εi + εi+1 ⟩,
πlx(fi )|α⟩ = x−δi,0 [αi+1]|α+ εi − εi+1 ⟩,
where [m] = q
m−q−m
q−q−1 and εi is the i-th standard basis vector of Z
n+1.
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Quantum R matrix
There exists a unique, up to overall normalization, intertwiner
R(x/y) = R l ,m(x/y) : Vl ⊗ Vm → Vl ⊗ Vm,
satisfying
R(x/y)(πlx ⊗ πmy ) ◦∆(u) = (πlx ⊗ πmy ) ◦∆op(u)R(x/y), ∀u ∈ Uq.
Normalize
R(z)(|0, . . . , 0, l⟩ ⊗ |0, . . . , 0,m⟩) = |0, . . . , 0, l⟩ ⊗ |0, . . . , 0,m⟩.
When n = 1, l = m = 1 case corresponds to the 6 vertex model and
arbitray l ,m case higher spin generalizations.
R l ,m(z) satisfies the Yang-Baxter equation (YBE)
Rk,l1,2(x)R
k,m
1,3 (xy)R
l ,m
2,3 (y) = R
l ,m
2,3 (y)R
k,m
1,3 (xy)R
k,l
1,2(x) on Vk ⊗ Vl ⊗ Vm.
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Stochastic R matrix
R(z)(|α⟩ ⊗ |β⟩) =
∑
γ,δ
R(z)γ,δα,β |γ⟩ ⊗ |δ⟩
Want to modify R(z) so S(z)γ,δα,β = q
ηR(z)γ,δα,β satisfies the sum-to-unity
property: ∑
γ,δ
S(z)γ,δα,β = 1 (Sum)
It is fulfilled with η =
∑
1≤i<j≤n+1(δiγj −αiβj). Up to a symmetry of R(z)
PR(z) commutes with Uq ⇒ (Sum)
(Sum) eventually turns out the sum-to-unity property of the transition
matrix of our discrete time Markov process.
S(z) also satisfies YBE!
n = 1 case is studied by Corwin-Petrov.
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Specialize to see positivity
Specialize z so the matrix elements of S(z) are positive.
S(z = ql−m)γ,δα,β = δα+β,γ+δ Φq2(γ¯|β¯; q−2l , q−2m),
Φq(γ¯|β¯;λ, µ) = qξ
(µ
λ
)|γ¯| (λ; q)|γ¯|(µλ ; q)|β¯|−|γ¯|
(µ; q)|β¯|
n∏
i=1
(
βi
γi
)
q
,
where γ¯ = (γ1, . . . , γn) for γ = (γ1, . . . , γn+1),
ξ =
∑
1≤i<j≤n
(βi − γi )γj , (λ; q)m =
m−1∏
i=0
(1− λqi ),
(
m
k
)
q
=
(q)m
(q)k(q)m−k
.
n = 1 case is introduced by Povolotsky.
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Specialized S matrix
In view of this formula, define an operator S(λ, µ) acting on W ⊗W by
S(λ, µ)γ,δα,β = δα+β,γ+δΦq(γ|β;λ, µ),
S(λ, µ)(|α⟩ ⊗ |β⟩) =
∑
γ,δ
S(λ, µ)γ,δα,β |γ⟩ ⊗ |δ⟩,
W =
⊕
α=(α1,...,αn)∈Zn≥0
Q(q)|α1, . . . ,αn⟩.
Proposition (KMMO)
S(λ, µ) satisfies the sum-to-unity relation and YBE.∑
γ,δ
S(λ, µ)γ,δα,β = 1,
S1,2(λ, µ)S1,3(λ, ν)S2,3(µ, ν) = S2,3(µ, ν)S1,3(λ, ν)S1,2(λ, µ) on W
⊗3.
Note that it does not have “difference property.”
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Plan of talk
I: Quantum/stochastic R matrix
II: Constructing integrable Markov processes
Commuting transfer matrices, Discrete/continuous time Markov
process
III: Calculating steady state
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Commuting transfer matrices
Consider the tensor product W0 ⊗W1 ⊗ · · ·⊗WL (Wi = W ) and define
T (λ|µ1, . . . , µL) = TrW0 (SW0,WL(λ, µL) · · · SW0,W1(λ, µ1)) ∈ End(W⊗L).
To illustrate
T |β1, . . . ,βL⟩ =
∑
α1,...,αL
Tα1,...,αLβ1,...,βL |α1, . . . ,αL⟩ ∈W⊗L,
S(λ, µ)γ,δα,β = ✲
✻α γ
β
δ
Tα1,...,αLβ1,...,βL =
∑
γ1,...,γL
✲✻γL γ1
β1
α1
✲✻ γ2
β2
α2
· · · ✲✻γL−1 γL.
βL
αL
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Discrete time Markov process (1)
Proposition (KMMO)
1 YBE for S(λ, µ) implies
[T (λ|µ1, . . . , µL),T (λ′|µ1, . . . , µL)] = 0.
2 Sum-to-unity holds: ∑
α1,...,αL
Tα1,...,αLβ1,...,βL = 1.
Since the matrix elements of T (λ|µ1, . . . , µL) belongs to R≥0 when
0 < µϵi < λ
ϵ < 1, 0 < qϵ < 1 in either case of ϵ = ±1, it defines a family
of discrete time Markov processes
|P(t + 1)⟩ = T (λ|µ1, . . . , µL)|P(t)⟩ ∈W⊗L
that is simultaneously diagonalizable with respect to λ.
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Discrete time Markov process (2)
Tα1,...,αLβ1,...,βL =
∑
γ1,...,γL
✲✻γL γ1
β1
α1
✲✻ γ2
β2
α2
· · · ✲✻γL−1 γL
βL
αL
Recall ✲✻α γ
β
δ
depends only on β, γ.
γi−1,n︷ ︸︸ ︷
n · · · · n
❄
✲
γi,n︷ ︸︸ ︷
n · · · n
γi−1,1︷ ︸︸ ︷
1 · · · · 1
❄
✲
γi,1︷ ︸︸ ︷
1 · · · 1
βi,1︷ ︸︸ ︷
1 · · · · ·1
βi,2︷ ︸︸ ︷
2 · · · · ·2 · · ·
βi,n︷ ︸︸ ︷
n · · · · ·n
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Continuous time Markov process (1)
Set µ1 = · · · = µL = µ, T (λ|µ) = T (λ|µ, . . . , µ) and
H(1)(µ) = −ϵµ−1∂ logT (λ|µ)
∂λ
∣∣∣∣
λ=1
, H(2)(µ) = ϵµ
∂ logT (λ|µ)
∂λ
∣∣∣∣
λ=µ
.
Since [T (λ|µ),T (λ′|µ)] = 0, we have [H(1)(µ),H(2)(µ)] = 0 and
T (λ, µ),H(1)(µ),H(2)(µ) all have a common eigenvector.
This construction is analogous to the 1D Heisenberg chain from a 2D
lattice model. Moreover, we have
1 Positivity; all the off-diagonal elements are nonnegative,
2 Sum-to-zero; the sum of elements in any column is zero.
d
dt
|P(t)⟩ = H(µ)|P(t)⟩ ∈W⊗L, H = aH(1) + bH(2) (a, b ∈ R≥0)
defines a continuous time Markov process.
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Continuous time Markov process (2)
H(r)(µ) =
∑
i∈ZL h
(r)(µ)i ,i+1 where h(r)(µ) is the local Markov matrix.
h(1)(µ)|α,β⟩ =
∑
γ∈Zn≥0
h(1)(µ)γα,β |α− γ,β + γ⟩
h(1)(µ)γα,β = ϵ
q
∑
1≤i<j≤n(αi−γi )γjµ|γ|−1(q)|γ|−1
(µq|α|−|γ|; q)|γ|
n∏
i=1
(
αi
γi
)
q
(|µ| ≥ 1)
h(2)(µ)|α,β⟩ =
∑
γ∈Zn≥0
h(2)(µ)γα,β |α+ γ,β − γ⟩
h(2)(µ)γα,β = ϵ
q
∑
1≤i<j≤n γi (βj−γj )(q)|γ|−1
(µq|β|−|γ|; q)|γ|
n∏
i=1
(
βi
γi
)
q
(|µ| ≥ 1)
• If ϵ = 1, h(1)(0) appeared in the work by Takeyama.
• If ϵ = 1, h(2)(0)|q=0 appeared in our work (Kuniba-Maruyama-O).
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Plan of talk
I: Quantum/stochastic R matrix
II: Constructing integrable Markov processes
III: Calculating steady state
Steady state, Zamolodchikov-Faddeev algebra, Matrix product
formula
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Steady state (1)
We want to find an eigenvector (steady state) |P⟩ of
T (λ|µ1, . . . , µL) = TrW0 (SW0,WL(λ, µL) · · · SW0,W1(λ, µ1)) ∈ End(W⊗L)
of the largest eigenvalue 1. Because of the weight conversation
Tα1,...,αLβ1,...,βL = 0 unless α1 + · · ·+ αL = β1 + · · ·+ βL ∈ Zn≥0,
T turns out a direct sum of matrices acting on finite-dimensional
subspaces (sectors) of W⊗L parametrized by m = (m1, . . . ,mn) ∈ Zn≥0.
S(m) = {(σ1, . . . ,σL) ∈ (Zn≥0)L | σ1 + · · ·+ σL = m},
|P(m)⟩ =
∑
(σ1,...,σL)∈S(m)
P(σ1, . . . ,σL)|σ1, . . . ,σL⟩.
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Steady state (2)
Example
n = 2,m = (2, 1), µ1 = µ2(= µ3) = µ. The steady states for L = 2, 3 are:
|P(2, 1)⟩ = (1− q2µ)(3 + q − µ− 3qµ)|∅, 112⟩
+ (1− µ)(1 + q + 2q2 − 2qµ− q2µ− q3µ)|2, 11⟩
+ (1 + q)(1− µ)(2 + q + q2 − µ− qµ− 2q2µ)|1, 12⟩+ cyclic.
|P(2, 1)⟩ = 3(1− qµ)(1− q2µ)(2 + q − (1 + 2q)µ)|∅, ∅, 112⟩
+ (1− µ)(1− qµ)(3 + 3q + 3q2 − (1 + 5q + 2q2 + q3)µ)|∅, 2, 11⟩
+ (1 + q)(1− µ)(1− qµ)(3 + 3q + 3q2 − (2 + 2q + 5q2)µ)|∅, 1, 12⟩
+ (1 + q)(1− µ)(1− qµ)(5 + 2q + 2q2 − (3 + 3q + 3q2)µ)|∅, 12, 1⟩
+ (1− µ)(1− qµ)(1 + 2q + 5q2 + q3 − (3q + 3q2 + 3q3)µ)|∅, 11, 2⟩
+ (1 + q)(1 + q + q2)(1− µ)2(2 + q − (1 + 2q)µ)|1, 1, 2⟩+ cyclic.
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Zamolodchikov-Faddeev algebra
We seek an expression of P(σ1, . . . ,σL) of the form
Tr(Xσ1(µ1) · · ·XσL(µL)). (1)
Proposition (KO)
Suppose the operators Xα(µ) (α ∈ Zn≥0) satisfy the ZF relation
Xα(µ)Xβ(λ) =
∑
γ,δ
S(λ, µ)β,αγ,δ Xγ(λ)Xδ(µ)
and the auxiliary condition
Xβ(µ)X0(λ)
−1Xγ(λ) = qϕ(β,γ)
gβ(µ)gγ(λ)
gβ+γ(µ)
Xβ+γ(µ).
Then (1) gives the steady state probability P(σ1, . . . ,σL).
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Mα1,...,αL;δγ;β1,...,βL =
∑
γ1,...,γL−1
✲✻γ γ1
β1
α1
✲✻ γ2
β2
α2
· · · ✲✻γL−1 δ
βL
αL
qϕ(β,γ)
gβ(µ)gγ(λ)
gβ+γ(µ)
S0,αδ,β (λ, µ) = S
γ,α
δ,β+γ(λ, µ)
(1) = Tr(Xα1(µ1) · · ·XαL(µL)X0(λ)X0(λ)−1)
=
∑
γ,β1,...,βL
Mα1,...,αL;0γ;β1,...,βL Tr(Xβ1(µ1) · · ·XβL(µL)X0(λ)−1Xγ(λ))
=
∑
γ,β1,...,βL
Mα1,...,αL;0γ;β1,...,βL Tr(Xβ1(µ1) · · ·XβL+γ(µL))qϕ(βL,γ)
gβL(µL)gγ(λ)
gβL+γ(µL)
=
∑
γ,β1,...,βL
Mα1,...,αL;γγ;β1,...,βL−1,βL+γ Tr(Xβ1(µ1) · · ·XβL+γ(µL))
=
∑
β1,...,βL
Tα1,...,αLβ1,...,βL Tr(Xβ1(µ1) · · ·XβL(µL)).
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Matrix product formula
Consider the Fock space F =
⊕
m≥0Q(q)|m⟩, its dual
F ∗ =
⊕
m≥0Q(q)⟨m| and the operators b+,b−, k acting on them as
b+|m⟩ = |m + 1⟩, b−|m⟩ = (1− qm)|m − 1⟩, k|m⟩ = qm|m⟩,
⟨m|b− = ⟨m + 1|, ⟨m|b+ = ⟨m − 1|(1− qm), ⟨m|k = ⟨m|qm,
where |− 1⟩ = ⟨−1| = 0. They satisfy
kb± = q±1b±k, b+b− = 1− k, b−b+ = 1− qk.
The trace is given by Tr(X ) =
∑
m≥0
⟨m|X |m⟩
⟨m|m⟩ where ⟨m|m′⟩ = δmm′(q)m.
Proposition (MO)
If n = 2, for α = (α1,α2) ∈ Z2≥0 the operator on F
Xα(µ) = gα(µ)Zα(µ), Zα(µ) =
(b+; q)∞
(µ−1b+; q)∞
kα2bα1−
satisfies the ZF relation and the auxiliary condition.
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Final remarks
1 We constructed a stochastic R matrix from the symmetric tensor
representation of Uq(A
(1)
n ). It seems difficult to get from other
representation/quantum group.
2 The result of the previous page is generalized to arbitrary n. The
trace is over n(n − 1)/2-fold tensor product of the Fock space.
3 Under suitable normalization the steady state probability is expected
to belong to Z≥0[q,−µ1, . . . ,−µL]. It would be interesting to find a
representation theoretic meaning of the coefficients.
4 For TAZRP (a continuous time Markov process corresponding to
ϵ = 1, h(2)(0)|q=0) a similar, but slightly different, matrix product
formula is obtained through a solution to the tetrahedron equation.
We need to understand the relation.
Thank you and ຊ౰ʹ͓ർΕ༷!
Masato Okado (Osaka City University) Integrable Stochastic Models 2017/01/07@Rikkyo Univ 23 / 23
119
Bukhvostov-Lipatov Model and Quantum/Classical
Duality
Vladimir Bazhanov
The Australian National University
joint work with Sergei Lukyanov (Rutgers) and Boris Runov (ANU)
Frontiers in Mathematical Physics
Rikkyo University, Tokyo, 6-9 Jan, 2017
V. Bazhanov (ANU) Bukhvostov-Lipatov model Tokyo, 6-9 Jan 2017 1 / 33
Outline
Motivation
Trans-Series expansions in QM and QFT
Instanton calculus for 2D O(3)-sigma model (2D continuous
Heisenberg ferromagnet).
Bukhvostov-Lipatov (BL) model and an exact instanton counting in
O(3)-sigma model.
Some aspects of the Bukhvostov-Lipatov model
Matsubara perturbation theory
Bethe Ansatz
Non-linear Integral Equations
Conformal Perturbation Theory (Fateev model)
Toward the exact instanton counting
Non-linear sigma models (NLSM), harmonic maps, Ricci flow.
New Quantum/Classical duality:
Quantum BL model v.s. Classical integrable sinh-Gordon PDE
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Outline
A new quantum-classical duality:
(i) eigenstates of Hamiltonian in 2D integrable QFT (BL-model)
(ii) special singular solutions of classical integrable PDE (sinh-Gordon
model, describing embeddings of CMC surfaces in AdS3)
This cannot be explained by the standard quantum-classical
correspondence principle (i.e. the quasi-classical limit).
Complete proof based on the (quantum) coordinate Bethe ansatz and
(classical) inverse problem method.
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Vaccum energy in 2D QFT
Partition function of 2D Euclidean QFT
Z =
Z
e A( , )D D 
on a long cylinder of the circumference R and the (large) length T
logZ '  Evac(R)T , T !1
where T is the imaginary time. The vaccum energy E (R) depends on R
(Casimir e↵ect).
V. Bazhanov (ANU) Bukhvostov-Lipatov model Tokyo, 6-9 Jan 2017 4 / 33
Trans-Series expansions in QM and QFT
Perturbation theory  ! divergent (asymptotic) series
Non-perturbative e↵ects  ! Trans-Series expansions
F (g) =
X
n 0
c(0)n g
n +
X
i
e Si/g
X
n 0
c(i)n g
n
e Si/g - the multi-instanton corrections, or other type of non-trivial
saddle points
Resurgence (E´calle’80; Stokes’1850)
Unification of perturbation theory and non-perturbative physics
Recent developments (see e.g. (Dunne, U¨nsal’13, ...) in the context
of asymptotically free QFT)
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Instantons in O(3) NLSM
2D continuous Heisenberg ferromagnet
A[n] = 1
2f
Z
d2x
 
@µn(x)
 2
, n 2 S2
Euclidean Green functions: hO(n) i = 1Z
R Dn O(n) e A[n]
Multi-instanton solutions (Belavin-Polyakov’75):
Stereographic projection of n 2 S2:
w =
n1 + i n2
1  n3
q – topological charge
@z¯w = 0 (z = x0 + ix1) : w(z) = c
(z   a1) · · · (z   aq)
(z   b1) · · · (z   bq)
V. Bazhanov (ANU) Bukhvostov-Lipatov model Tokyo, 6-9 Jan 2017 6 / 33
120
Instanton contributions in Euclidean Green functions
Fateev-Frolov-Schwarz’79:
w(z) = c
(z   a1) · · · (z   aq)
(z   b1) · · · (z   bq)
Iq[O] = K
q
(q!)2
Z
O(a, b, c) e ✏q(a,b) d
2c
⇡(1 + |c |2)2
qY
j=1
d2ajd
2bj
✏q(a, b) =  
qX
i<j
log |ai   aj |2  
qX
i<j
log |bi   bj |2 +
qX
i ,j
log |ai   bj |2 .
In the Gaussian approximation the partition function coincides with
the partition function of the 2D neutral Coulomb system:
Zinst =
X
q
K q
(q!)2
Z
e 
✏q (a,b)
T
qY
j=1
d2ajd
2bj
where K / f  2 e  4⇡f – fugacity and T = 1
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“Small-instanton” divergence
The divergence already appears in the one instanton sector
I1[O] = K
Z
O(a, b, c) d
2c
⇡(1 + |c |2)2
d2ad2b
|a  b|2
and comes from the singular contribution from the region of the
instanton moduli space with |a  b|! 0.
The standard lattice description of the O(3) sigma model has
problems – for example, the lattice topological susceptibility does not
obey naive scaling laws.
Lu¨scher’82 has shown that this is caused by field configurations with
windings of the O(3)-field around elementary plaquettes. These
configurations lead to spurious contribution to quantities related to
the zero point energy.
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Free fermions
The partition function of 2D neutral Coulomb system in the grand
canonical ensemble:
Zinst =
X
q
K q
(q!)2
Z
e 
✏q (a,b)
T
qY
j=1
d2ajd
2bj
✏q(a, b) =  
qX
i<j
log |ai   aj |2  
qX
i<j
log |bi   bj |2 +
qX
i ,j
log |ai   bj |2 .
where T = 1.
The complete instanton contribution in the partition function can be
represented as the partition function of the free Dirac field
Zinst =
Z Y
x
d ¯(x)d (x) exp
✓
 
Z
d2x
 
 ¯ a@a +M  ¯ 
 ◆
M = C µ f  2 e 
4⇡
f
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Bukhvostov-Lipatov model
Multi-instanton solutions (Belavin-Polyakov’75) for O(3)-sigma model
A = 1
2f
Z
d2x
3X
k=1
(@µnk(x))
2 , n21 + n
2
2 + n
2
3 = 1
Contributions of (anti-)instantons only is described by free Dirac fermion
(Fateev-Frolov-Shvatz’79).
Weak “i-a” interaction ) integrable Bukhvostov-Lipatov (BL) model (1980)
L =
X
 =±
 ¯ 
 
i µ@µ  M
 
     g
 
 ¯+ 
µ +
  
 ¯  µ  
 
, M ⇠ µ f  2 e  4⇡f
Renormalization counterterms
LBL = L 
X
 =±
⇣
 M  ¯    +
g1
2
 
 ¯  
µ  
 2⌘
.
Finite mass renormalization for special g and g1. Only vacuum energy diverges
(small instanton divergence).
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Bosonisation
Bosonic version of the BL-model
L˜BL = 116⇡
 
(@⌫'1)
2 + (@⌫'2)
2
 
+ 4µ cos
 p1  
2 '1
 
cos
 p1+ 
2 '2
 
.
g1 =
g2
2⇡
, g =
⇡ 
1   2 , µ =
M
2⇡
cos(⇡ /2)
For   > 1 the model is equivalent to “sausage model” (Fateev, Onofri,
Zamolodchikov’93) which is a deformation of O(3) sigma model,
Asausage[n] = 1
2f
Z
d2x
 
@µn(x)
 2
1   2n23/2f 2
⇣
  =   2⇡
    1
⌘
BL-model in the strong coupling regime   !1 describes O(3)
sigma model. The instanton counting bocomes exact!
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Sequence of models
Started with the instanton counting for the O(3) NLSM
A[n] = 1
2f
Z
d2x
 
@µn(x)
 2
, n 2 S2
weakly interacting instantons (Bukhvostov-Lipatov model)
L =
X
 =±
 ¯ 
 
i µ@µ M
 
   g
 
 ¯+ 
µ +
  
 ¯  µ  
 
+counterterms.
Bosonic description of the BL model, g =  /(1   2)
L˜BL = 116⇡
 
(@⌫'1)
2 + (@⌫'2)
2
 
+ 4µ cos
 p1  
2 '1
 
cos
 p1+ 
2 '2
 
.
Analytic continuation to the “strong coupling”,   > 1. Sausage
model.
Asausage[n] = 1
2f
Z
d2x
 
@µn(x)
 2
1   2n23/2f 2
⇣
  =   2⇡
    1
⌘
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What do we know about O(3) NLSM and its extensions?
3 Classically integrable: Pohlmeyer’76, Zakharov & Mikhailov’78,
Cherednik’81, Lukyanov’12, Climcˇik’14
3 Renormalizable (1): Polyakov’76 (Asymptotic freedom), Friedan’80
(Ricci flow)
3 Renormalizable (2): Two-parameter deformation of O(4) NLSM.
Fateev’96, RG flow between
UV-limit: infinitely long 3-sausage (S2 ⇥ R)
IR-limit: round 3-sphere S3.
3 Factorized scattering: exact 2-particle S-matrix
(Zamolodchikov(2)’78, Polyakov & Wiegmann’85, Faddeev &
Reshetikhin ’85, Fateev’96 )
S(✓) =  Sa1(✓)⌦ Sa2(✓)
3 Applications: string theory, ADS/CFT, condensed matter, etc.
7 Yang-Baxter structure, discretization, commuting transfer matrices,
QIPM, Bethe Ansatz — all unknown.
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Weak coupling regime
Lagrangian:
L =
X
 
h
 ¯ 
 
i µ@µ (M+ M)
 
   g1
2
 
 ¯  
µ  
 2i g   ¯+ µ +   ¯  µ   
Boundary condition
 ±(x0, x1 + R) =  e2⇡ik±  ±(x0, x1)
Propagator (in x-space)
S (x) =
 
M    a@a
 
G (x)
G (x) =
1
2⇡
1X
n= 1
( 1)n e2⇡ink  K0
 |w   i nr |  , w = M (x0 + i x1)
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Vacuum energy as function of r = MR . Small r
F(r) =
R
⇡
(Ek   R E) , F(0) =  ck6 , F(r)|r!1 = 0,
ck = 2  6(1   )k21   6(1 +  )k22 , k± = (k1 ± k2)/2
Leading large r asymptotics
F(r) =   4
⇡2
cos(⇡k1) cos(⇡k2) r K1(r) + o(e
 r ) .
Perturbative expansion
F = F0 + F1   + F2  
2 + . . . ,
+−
+
−
(I)
+ σ + σ− σ σ σ
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Coordinate Bethe Ansatz (BL 1980)
 1 = e2⇡i(p1 p2) eiMR sinh ✓j
Y
`
sinh
 
✓j   u`   12 i⇡ 
 
sinh
 
✓j   u` + 12 i⇡ 
 
 1 = e 4⇡ip1
Y
`0
sinh
 
u`   u`0 + i⇡ 
 
sinh
 
u`   u`0   i⇡ 
  Y
j
sinh
 
u`   ✓j   12 i⇡ 
 
sinh
 
u`   ✓j + 12 i⇡ 
  ,
j = 1, . . . , 2N, ` = 1, . . . ,N
Bare mass M = M +  M, bare twist parameters p± = 12(p1 ± p2).
EN =  M
X
j
cosh ✓j .
-πδ/2
πδ/2
Re θ
Im θ
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F(r) =  ck
6
+ lim
N!1
r fixed
✓
REN
⇡
  ✏2 N2   ✏0 r2
⇣
log(4N/r) + C
⌘◆
,
ck =
2X
i=1
 
1  6aik2i
 
, ✏2 =  (1 +  ) , ✏0 =   1⇡2 cos2
 
⇡ 
2
 
The scaling function F(r , k) is expressed through the solution of a system
of two Non-Linear Integral Equations (NLIE)
(Batchelor-Klu¨mper-Pearce’92, Destri-de Vega’95, Saleur’98)
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Numerical values obtained from
F(r) =  ck
6
+ lim
N!1
r fixed
✓
RE
⇡
  ✏2 N2   ✏0 r2
⇣
log(4N/r) + C
⌘◆
with N = 500 display good agreement (of at least three decimal places)
with the more accurate results obtained from the NLIE:
-0.25
-0.2
-0.15
-0.1
-0.05
 1  2  3  4  5  6  7
r
F
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The results show an excellent agreement with
the renormalized perturbation theory (we calculated O( ) and O( 2))
terms)
the exact IR asymptotics
F(r) =   4
⇡2
cos(⇡k1) cos(⇡k2) r K1(r) + o(e
 r ) , r   1
the Conformal Perturbation Theory.
-0.25
-0.2
-0.15
-0.1
-0.05
 1  2  3  4  5
r
F
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Conformal Perturbation Theory
Use Bosonic version of the BL-model
L˜BL = 116⇡
 
(@⌫'1)
2 + (@⌫'2)
2
 
+ 4µ cos
 p1  
2 '1
 
cos
 p1+ 
2 '2
 
.
2⇡µ = M cos(⇡ /2)
In the bosonic formulation, the model is described by the Lagrangian
with the potential term is periodic w.r.t. 'i . Due to this periodicity,
the space of states splits on the orthogonal subspaces Hk
characterized by two “quasimomentums” k = (k1, k2),
'i ! 'i + 4⇡pai : | k i 7! e
2⇡iki | k i
⇣
k± =
1
2
(k1 ± k2)
⌘
The neutral (w.r.t. U(1)⌦ U(1)) sector of the theory is described by
the Bose fields with periodic boundary conditions:
'i (x1 + R , x2) = 'i (x1, x2) .
F(r) =  16 ck   16 r2 log(r) 
P1
n=1 en( ) (2r)
2n (r = MR)
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Fateev model. Symmetric regime.
L = 1
16⇡
3X
i=1
(@µ'i@
µ'i )
2
+ 2µ
 
ei↵3'3 cos(↵1'1 + ↵2'2) + e
 i↵3'3 cos(↵1'1   ↵2'2)
 
↵i =
1
2
p
ai : a1 + a2 + a3 = 2
Unitary regime: a1 > 0, a2 > 0, a3 = 2  a1   a2 < 0
Symmetric regime: ai > 0
Stationary states can be chosen to be the Floquet states
characterized by k = (k1, k2, k3):
'i 7! 'i + 2⇡/↵i : | k i 7! e2⇡iki | k i , | k i 2 Hk
k-vacuum energies:
Ek|R!0 ! E (0)k =  
⇡ce↵
6R
, ce↵ = 3  6
3X
i=1
aik
2
i
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Conformal Perturbation Theory (Symmetric regime)
Rescale the problem to the circle of circumference 2⇡
A = A0   µR
Z
dx2
Z 2⇡
0
dx1
2⇡
V
V = ei(+↵1'1+↵2'2+↵3'3) + ei(+↵1'1 ↵2'2 ↵3'3)
+ ei( ↵1'1 ↵2'2+↵3'3) + ei( ↵1'1+↵2'2 ↵3'3)
Ek   E (0)k   =   1L log ZZ 0 =  µRL
R
dx2
R 2⇡
0
dx1
2⇡ hV i+ . . .
R
⇡
E (0)k =  
1
2
+
3X
i=1
aik
2
i  
1X
n=1
en (µR)
4n
en are expressed in terms of convergent 2D Coulomb-type integrals.
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Conformal Perturbation Theory (Symmetric regime)
A real regular solution of the Liouville equation
@z@z¯⌘L   e2⌘L = 0
on the Riemann sphere except at three points z = zi
z3 z2
z1
⌘L ! (ai |ki |  1) log |z   zi |+ O(1)
⌘L !  4 log |z |+ O(1) , z !1
Quadratic di↵erential w.r.t. PSL(2,C ) on S2/{z1, z2, z3}:
P(z) = (z3   z2)
a1(z1   z3)a2(z2   z1)a3
(z   z1)2 a1(z   z2)2 a2(z   z3)2 a3 , a1 + a2 + a3 = 2
Ek =   ⇡6R
3X
i=1
 
1  6ai k2i
   µ4R3
64
Z
d2z |P(z)|2 e 2⌘L + O(R5)
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Conformal Perturbation Theory (Symmetric regime)
Lukyanov’13; Bazhanov, Lukyanov’13
A real regular solution of the (modified) sinh-Gordon equation
@z@z¯⌘   e2⌘ + ⇢4 |P(z)|2 e 2⌘ = 0
 
⇢ = 12 µR
 
on the Riemann sphere except at three points z = zi
z3 z2
z1
⌘ ! (ai |ki |  1) log |z   zi |+ O(1)
⌘ !  4 log |z |+ O(1) , z !1
P(z) = (z3   z2)
a1(z1   z3)a2(z2   z1)a3
(z   z1)2 a1(z   z2)2 a2(z   z3)2 a3 , a1 + a2 + a3 = 2
Ek =   ⇡6R
3X
i=1
 
1  6ai k2i
   µ4R3
64
Z
d2z |P(z)|2 e 2⌘
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Quantum/Classical correspondence
Integrable Quantum Field Theory (IQFT)
L = 1
16⇡
3X
i=1
(@µ'i@
µ'i )
2
+ 2µ
 
ei↵3'3 cos(↵1'1 + ↵2'2) + e
 i↵3'3 cos(↵1'1   ↵2'2)
 
Partial Di↵erential Equation(s) (PDE)
z3 z2
z1
@z@z¯⌘ e2⌘+⇢4 P(z)P¯(z¯) e 2⌘ = 0
⇢2 = 12 µR
The conformal map w = ⇢
R
dz
pP(z) transforms the PDE to the
standard form of ShG equation
@w@w¯ ⌘ˆ   e2⌘ˆ + e 2⌘ˆ = 0
 
⌘ˆ = ⌘   14 log(⇢4PP¯)
 
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PSL(2,C ) transformation: (z1, z2, z3) 7! (0, 1,1)
P(z) = (z3   z2)
a1(z1   z3)a2(z2   z1)a3
(z   z1)2 a1(z   z2)2 a2(z   z3)2 a3
7! za1 2(1  z)a2 2
w = ⇢
R
dz z
a1
2  1(1  z) a22  1 – Schwartz-Christo↵el mapping.
For a1 > 0, a2 > 0, a3 = 2  a1   a2 > 0:
aπ 2
2
aπ 3
2
aπ 1
2
0 1
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aπ 1
2
aπ 2
2
aπ 3
2
@w@w¯ ⌘ˆ   e2⌘ˆ + e 2⌘ˆ = 0
⌘ˆ ! 2 li log |w   wi |+ O(1)
F =   8
⇡
Z
d2w sinh2(⌘ˆ) +
X
i
ai l
2
i
R
⇡
E (0)k = F  4⇢2
3Y
i=1
 
 ai
2
 
|ki | = li + 12 , µR = 2⇢.
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w = ⇢
R
dz z
a1
2  1(1  z) a22  1 – Schwarz-Christo↵el mapping.
a1 > 0, a2 > 0 , a3 = 2  a1   a2 > 0
z3 z2
z1  !
aπ 1
2
aπ 2
2
aπ 3
2
a1 > 0, a2 > 0 , a3 = 2  a1   a2 < 0
z3 z2
z1  ! 1
w 2wa1π a2π
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Unitary regime
Bazhanov, Lukyanov, Kotousov’14
1w 2w
a1π a2π
@w@w¯ ⌘ˆ   e2⌘ˆ + e 2⌘ˆ = 0
⌘ˆ ! 2 li log |w wi |+O(1) (i = 1, 2)
⌘ˆ ! 0 as w !1
F =   8
⇡
Z
d2w sinh2(⌘ˆ) +
2X
i=1
ai l
2
i
R
⇡
E (0)k = F  4⇢2
3Y
i=1
 
 ai
2
 
|ki | = li + 12 (i = 1, 2); µR = 2⇢
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BL case
r/4aπ 1 aπ 2
@w@w¯ ⌘ˆ   e2⌘ˆ + e 2⌘ˆ = 0
⌘ˆ ! 2 li log |w wi |+O(1) (i = 1, 2)
⌘ˆ ! 0 as w !1
FBL =  fB(2r cos(⇡ /2))  8
⇡
Z
d2w sinh2(⌘ˆ) +
2X
i=1
ai l
2
i
fB( ) =
 
2⇡2
Z 1
 1
d✓ cosh(✓) log
 
1  e   cosh(✓) 
|ki | = li + 12 (i = 1, 2); µR = 2⇢
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Flat connections on the punctured sphere
The modified Sinh-Gordon (MShG) equation
@z@z¯⌘   e2⌘ + P(z)P¯(z¯) e 2⌘ = 0 ,
This equation is the compatibility condition of the linear problem
D( ) = 0 , D¯( ¯) = 0 . (1)
D( ) = @z   Az , D¯( ¯) = @z¯   Az¯ ,   = ⇢e✓,  ¯ = ⇢e ✓
Az =  12 @z⌘  3 +  
 
 + e
⌘ +    P(z) e ⌘
 
Az¯ = 12 @z¯⌘  3 +  ¯
 
   e ⌘ +  + P¯(z¯) e⌘
 
. (2)
Connection coe cients for the di↵erential operators D( ) and D¯( ¯)
determine vacuum eigenvalues of the Fateev model
Boundary problem : ⌘ =
(
 2 log |z |+ O(1) at z !1
2mi log |z   zi |+ O(1) at z ! zi
If 0 < ai < 2 and   12 < mi   
1
4
(2  ai )V. Bazhanov (ANU) Bukhvostov-Lipatov model Tokyo, 6-9 Jan 2017 31 / 33
New connection between quantum and classical systems
Quasiclassical approximation, when Planck constant ~! 0
Quantum theory ) Classical theory
A new type connection for finite values of ~
Integrable Quantum Field Theory
,
Integrable Classical Field Theory
Stationary quantum states are related to special solutions of
non-linear PDE.
In our case, the energy of the state coincides with the (regularized)
area of a CMC surface embedded into AdS3, described by
sinh-Gordon equation.
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Summary
There a connection between the theory of Integrable Models in two
dimensions and the spectral theory of ordinary di↵erential equations,
Dorey-Tateo’98, BLZ’98, Voros’82, Suzuki’99, Feigin-Frenkel’07,
Fioravanti’05, Dunning’03, Masoero’06, Raimondo, Valeri, Faldella,
Negro, Ito, Locke . . .
Extension to massive QFT (Lukyanov-Zamolodchikov 2010),
Eigenvalues of transfer matrices = connection coe cients between
di↵erent bases of solutions of ODE.
Di↵erent quantum states corresponds to di↵erent solutions of the
“modified sinh-Gordon equation”
For the ground state of the BL model there is a precise match
between Bethe Ansatz and “modified sinh-Gordon” equation
approach (we have a complete proof).
Future tasks: Apply “Quantum Inverse Problem Method” to
non-linear sigma models (Yang-Baxter structure, lattice
regularization, etc.)
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Quantization of Local P2
Kazumi Okuyama
Shinshu U
Frontiers in MathPhys
KO-Zakany: JHEP1603 (2016) 101
Hatsuda-KO: work in progress
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GHM conjecture
Inspired by the Fermi gas formalism of ABJM theory on S3, a
non-perturbative definition of topological strings on local Calabi-Yau
was put forward in [Grassi-Hatsuda-Marino]
According to this GHM conjecture, free energy of topological string is
obtained from the Fredholm determinant of some kernel ⇢ = e H
⌅(µ, ~) = det(1 + eµ H)
Kernel ⇢ is given by the inverse operator of the quantized mirror curve
of local Calabi-Yau
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Local P2
Local P2 (total space of anti-canonical bundle O( 3)! P2) is an
ideal testing ground of GHM conjecture, since the kernel ⇢ can be
written fairly explicitly
Mirror curve of local P2 is
eH = ex + ey + e x y
We can quantize this curve by promoting x , y to operators
[x , y ] = i~
The inverse operator ⇢ = e H is written in terms of
the Faddeev’s quantum dilogarithm [Kashaev-Marino]
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Fermi sea for local P2
Fredholm determinant det(1 + eµ H) can be thought of as
a grand partition function of Fermi gas
Fermi surface ex + ey + e x y = eE
approaches the toric diagram of local P2 in the limit E !1
-30 -20 -10 0 10
-30
-20
-10
0
10
x
y
(a) Fermi surface (E = 15) (b) Toric diagram of local P2
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Quantization and various limits
Quantization of mirror curve we consider is not a formal one
I Kernel ⇢ = e H is a trace class operator
Tr⇢` (` = 1, 2, · · · ) is finite
I Spectrum of H is discrete {En}n=0,1,2,···
We can consider two limits
1 WKB expansion: ~! 0, µ = fixed
) Nekrasov-Shatashvili limit of refined topological string
2 ’t Hooft expansion: ~, µ!1, µ~ = fixed
) un-refined topological string (gstring ⇠ 1~)
We should stress ⌅(µ, ~) is an entire function of µ for any ~ 2 R>0
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Kernel ⇢ for local P2
By the change of variables
x =
2p + q
3
, y =  p + 2q
3
, [q, p] = 3i~
the kernel ⇢ = e H is written in terms of quantum dilogarithm  b
⇢ =
p
V (p)
e
q
6
2 cosh q2
p
V (p)
V (p) = e
p
3
 b
⇣
p+i~
2⇡b
⌘
 b
⇣
p i~
2⇡b
⌘ , b2 = 3~
2⇡
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Tr⇢` and Z (N)
One can compute spectral traces Tr⇢` systematically by solving TBA
or using a slight generalization of Tracy-Widom lemma [KO-Zakany]
Once we know the traces Tr⇢`,
we can compute canonical partition function Z (N) at fixed N
det(1 + eµ⇢) = exp
 
 
1X
`=1
( eµ)`
`
Tr⇢`
!
= 1 +
1X
N=1
Z (N)eNµ
It turns out that the free energy F =   logZ (N) scales as N3/2
However, precise relation to M2-brane is unclear at present
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Free Energy for local P2
F =   logZ ⇡ 4
p
⇡~
9
N
3
2
10 20 30 40 50
N
3/2
50
100
150
200
-logZ
Figure: Plot of free energy for ~ = ⇡, 2⇡, 3⇡, · · · , 7⇡
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Grand potential
N3/2 behavior of free energy follows from
the µ3 behavior of grand potential J = log⌅
J(µ, ~) = Cµ
3
3
+ Bµ+ A+O(e 3µ, e  6⇡µ~ )
Coe cients C ,B and A for local P2 are given by
C =
9
4⇡~ , B =
⇡
2~  
~
16⇡
, A =
3Ac(~/⇡)  Ac(3~/⇡)
4
Perturbative part of Z (N) is given by the Airy function
Z (N) =
Z
dµeJ(µ) Nµ ⇡ C  13 eAAi
h
C 
1
3 (N   B)
i
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Non-perturbative grand potential
Grand potential consists of two contributions [Hatsuda-Marino-Moriyama-KO]
I worldsheet instanton (e tD ⇠ e  6⇡µ~ ): unrefined topological string Ftop
I “membrane instanton” (e t ⇠ e 3µ): Nekrasov-Shatashvili limit FNS
J = Ftop(tD + ⇡iB, ~D) +
1
2⇡
✓
t
@
@t
+ ~2 @
@~
1
~
◆
FNS(t, ~)
tD and ~D are “S-dual” variables
tD =
2⇡t
~ , ~D =
4⇡2
~ = gstring
B-field is necessary for the pole cancellation mechanism to work
(B = 1 for local P2)
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Quantum periods
t and @tFNS are the quantum A-peirod and qunatum B-period,
respectively [Aganagic-Cheng-Dijkgraaf-Krefl-Vafa]
t =
I
A
y(~)dx = 3µ  6 cos
⇣~
2
⌘
e 3µ + · · ·
@tFNS =
1
~
I
B
y(~)dx = t
2
6~  
~
24
+
sin 3~2
2 sin2 ~2
e 3µ + · · ·
~ corrections are nicely summarized by
a di↵erential operator D(~) acting on the classical periods
t(~) = D(~)t(0), @tFNS(~) = D(~)@tFNS(0)
D(~) = 1  @
2
µ
72
~2 +
@3µ(7@µ + 16)
51840
~4 + · · ·
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Quantum theta function
J = Ftop + @FNS is called the modified grand potential
Exact grand partition function is reproduced by
summing over the 2⇡i-shift of µ [Hatsuda-Moriyama-KO]
⌅(µ, ~) =
X
n2Z
eJ(µ+2⇡in,~)
For some special values of ~, e.g. ~ = 2⇡, ⌅(µ, 2⇡) becomes a
Jacobi theta function
For general ~, ⌅(µ, ~) can be regarded as a quantum theta function
I whose modular property is not completely understood for general ~
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Exact quatization condition
Energy eigenvalue En can, in principle, be found by solving
⌅(En + ⇡i , ~) = 0
Exact quantization condition of spectrum was conjectured in
[Wang-Zhang-Huang]
@FNS
@t
(t, ~) + @FNS
@tD
(tD , ~D) = 2⇡
⇣
n +
1
2
⌘
This is invariant under the “S-duality” (t, ~)$ (tD , ~D)
tD =
2⇡t
~ , ~D =
4⇡2
~
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Energy spectrum for ~ = 2⇡
En ⇡ 2
p
2⇡
3
r
n +
3
4
, (n  1)
...
E6 = 7.6952989804880863557 · · ·
E5 = 7.1024393468693592083 · · ·
E4 = 6.4553592284429989616 · · ·
E3 = 5.7357370354215594656 · · ·
E2 = 4.9117898237673360582 · · ·
E1 = 3.9182131882998397787 · · ·
E0 = 2.5626420686238193708 · · ·
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Modular double
S-duality of quantization condition seems to be related to the
existence of modular double [Faddeev]
One can construct commuting Hamiltonians [H, H˜] = 0
eH = ex + ey + e x y
eH˜ = e x˜ + e y˜ + e x˜ y˜
where dual variables are given by
x˜ =
2⇡x
~ , y˜ =
2⇡y
~ , [x˜ , y˜ ] = i~D
One consequence is that for ~ 2 2⇡Q the quantum A-period t(~) is
reduced to the classical A-period t(0), up to a change of variable
[Hatsuda-Katsura-Tachikawa, Hatsuda]
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Z3 symmetry
Mirror curve eH = ex + ey + e x y has a Z3 symmetry [Kashaev-Marino]
V : x 7! y 7!  x   y , V |Eni = e 2⇡i3 n|Eni, V 3 = 1
Z3 symmetry of local P2 is inherited from its orbifold limit
OP2( 3) ; C3/Z3
Projection onto states |Eni with n ⌘ r (mod 3)
Pr =
1
3
(1 + e 
2⇡ir
3 V + e 
4⇡ir
3 V 2), (r = 0, 1, 2)
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Z3 decomposition of Hilbert space
Hr = PrH =
M
m 0
|E3m+r i, (r = 0, 1, 2)
Energy
E0
E1
E2
E3
E4
E5
...
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Example of Z3 refinement of traces
One can compute Z3 “refinement” of traces TrHr (⇢`)
TrHr (⇢
`) =
1X
m=0
e `E3m+r
For instance, the first traces for ~ = 2⇡ are given by [Hatsuda-KO]
TrH0(⇢) =
1
27
+
2
9
p
3
sin
⇡
9
TrH1(⇢) =
4
27
  2
9
p
3
sin
4⇡
9
TrH2(⇢) =  
2
27
+
2
9
p
3
sin
2⇡
9
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Z3 decomposition of determinant
One can decompose Fredholm determinant into three parts
⌅(µ, ~) = ⌅0(µ, ~)⌅1(µ, ~)⌅2(µ, ~)
⌅r (µ, ~) = det
h
(1 + eµ H)Pr
i
This is similar to the Z2 decomposition ⌅ = ⌅+⌅  considered in
ABJM theory (“orientifold ABJM theory”) [KO,Moriyama-Suyama,Moriyama-Nosaka]
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Z3 decomposition of grand potential
We studied the structure of Jr = log⌅r
Perturbative part is given by
Jpertr =
1
3
Jpert +
1  r
3
(µ  log 3) + Ar (~)
Non-perturbative part has two contributions
I worldsheet instanton ⇠ e  6⇡µ~
I 1/3 “fractional” membrane instanton ⇠ e µ
(note that original membrane instanton ⇠ e 3µ)
Jr =
1
3
J + JWSr + J
M2
r
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Instanton corrections
Worldsheet instanton is independent of r
JWSr = e
  6⇡µ~   1
2
e 
12⇡µ
~
+

11  60 sin2 2⇡
2
~ + 112 sin
4 2⇡
2
~   64 sin
6 2⇡
2
~
 
e 
12⇡µ
~ +O(e  18⇡µ~ )
“Fractional” membrane instanton
JM2r = sin
✓
~
6
+
2⇡(1  r)
3
◆
e µ +
1
2
sin
✓
~
3
+
4⇡(1  r)
3
◆
e 2µ
  sin
✓
2~
3
+
8⇡(1  r)
3
◆
e 2µ +O(e 3µ)
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Special case ~ = 2⇡
For the special case ~ = 2⇡, we find Jr in a closed form
J0 =
1
3
h
J   log(@µt)
i
J1 =
1
3
h
J   log(@µt)  log(1  3e µ)
i
J2 =
1
3
h
J   log(@µt) + log(1  3e µ)  log(1  27e 3µ)
i
J =
F0   t@tF0 + 12 t2@2t F0
4⇡2
  1
2
log(@µt)  1
8
log(1  27e 3µ)
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Extra piece
Interestingly, sum of Jr (µ, 2⇡) is not equal to J(µ, 2⇡)
Extra piece comes from the theta-function part
⌅r (µ, 2⇡) = e
Jr#3
⇣
v   r
3
, ⌧
⌘
, ⌅(µ, 2⇡) = eJ#3(3v , 3⌧)
eJ 
P
r=0,1,2 Jr =
Q
r=0,1,2 #3
⇣
v   r3 , ⌧
⌘
#3(3v , 3⌧)
=
⌘(⌧)3
⌘(3⌧)
Similar phenomenon was observed in the Z2 decomposition of ABJM
theory
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Summary
Fredholm determinant of quantized mirror curve can be thought of as
a non-perturbative definition of topological strings
This GHM conjecture has passed many non-trivial tests, in particular
for local P2 case
Role of modular double and S-duality for quantum theta function is
not fully understood yet
Z3 decomposition of local P2 has many interesting properties
I target space picture?
I origin of “fractional” membrane instanton?
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Conformal Bootstrap 
in Mellin Space
(a.k.a Thinking-out-of-the-“block”)
Rajesh Gopakumar 
ICTS-TIFR, Bengaluru
Rikkyo Univ., Tokyo, Jan. 8th, 2017
Based on: R. G., A. Kaviraj, K. Sen and A. Sinha 
(arXiv:1609.00572, 1611.08407); R. G.-A. Sinha to appear.
The Bootstrap Rebooted 
Successful revival of the conformal bootstrap 
program in recent years [Ratazzi-Rychkov-Tonni-Vichi….].
Here: describe a new (old) approach.
Calculationally effective - reproduce existing + new 
analytic results for operator dim. and OPE coeffs. :     
A. -expansion for Wilson-Fisher fixed point (also O(N)).
B. Large spin limit in any dimension.
Conceptually suggestive -  hints of a dual AdS 
description.
ϵ
Two Ingredients
1. Go back to the original approach of Polyakov - now in a 
modern incarnation. Use a new set of blocks (built from Witten 
diagrams) instead of conformal blocks - conceptually 
suggestive. 
2. Natural to implement in Mellin space [Mack, Penedones, .…].   
Exploit meromorphy and analogy to scattering amplitudes in 
momentum space - calculationally effective. 
A Sampling of Results
A. -expansion for Wilson-Fisher fixed point (          ).                
                                               ;
                                           (                                                 )
ϵ
∆φ = 1−
ϵ
2
+
1
108
ϵ
2 +
109
11664
ϵ
3 +O(ϵ4)
γℓ =
ϵ2
54
(
1−
6
ℓ(ℓ+ 1)
)
+ ϵ3δ(3)
ℓ
δ
(3)
ℓ
=
[109ℓ3(ℓ+ 2) + 373ℓ2 − 816ℓ− 756]− 432ℓ(ℓ+ 1)Hℓ−1
5832ℓ2(1 + ℓ)2
Cφφφ2 = 1−
1
3
ϵ−
17
81
ϵ
2 +O(ϵ3)
Cℓ
Cfreeℓ
= 1 +
(ℓ(ℓ+ 1)− 1) (H2ℓ −Hℓ−1)
9ℓ2(1 + ℓ)2
ϵ
2 + C(3)ℓ ϵ
3
C
(3)
2 =
509
17496
C
(3)
4 =
1019357
114307200
C
(3)
6 =
3872826169
871363785600
C
(3)
8 =
54561737953
20195722939392
C
(3)
10 =
58967348085478139
32190271338864038400
.
d = 4− ϵ
[Wilson-Kogut]∆φ2 = 2− 23ϵ+
19
162
ϵ
2 +O(ϵ3)
Also leading anomalous dimensions of      [R.G.-A. Sinha]φ2n
The New Old….
Expand the four pt. function in terms of  a new set of building 
blocks - a new basis of expansion. 
Demand of these blocks that they satisfy
1. Conformal invariance.
2. Consistency with unitarity - factorisation on physical 
operators with right residues. 
3. Crossing symmetry - built in by summing over channels.
But now not guaranteed that expansion is consistent with OPE 
in, say, s-channel.  
A(u, v) = ⟨O(1)O(2)O(3)O(4)⟩
=
∑
∆,ℓ
c∆,ℓ(W
(s)
∆,ℓ(u, v) +W
(t)
∆,ℓ(u, v) +W
(u)
∆,ℓ(u, v))
sum over physical 
spectrum 
….vs The Old New
Generically will have spurious powers        as well as      log(u).
Demanding that these terms cancel gives constraints on op. dim. 
and OPE coeff. (Note: log terms not from anomalous dim.)
Contrast with the “conventional” bootstrap which has:
1. Conformal Invariance of conf. blocks 
2. Consistency with unitarity - factorisation on physical 
operators with right residues.
3. Consistency with OPE - only physical operators exchanged.
  But now not guaranteed that crossing symmetry is satisfied. 
Demanding gives nontrivial constraints on op. dim. etc.
u
∆φ
u
∆φ
G
(s)
∆,ℓ(u, v)
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The New-Old Building Blocks
Polyakov’s building blocks are, essentially, exchange Witten 
diagrams - better behaved compared to conformal blocks. 
These are a) conformally invariant b) obey factorisation and 
are c) by construction, crossing invariant. 
But Witten diagrams are complicated in position space. Easier 
to deal with in Mellin space. Properties like factorisation as 
well as asymptotic behaviour more transparent.   
W
(s)
∆,ℓ(u, v)= = N∆,ℓG(s)∆,ℓ(u, v) +
∑
G
(s)
double−trace(u, v)
Migrating to Mellin Space
Conformal Blocks:
      
       Exponential behaviour for large s.  
       Factorises on poles. 
(identical ext. scalars)
A(u, v) =
∫
dsdtusvtΓ2(−t)Γ2(s+ t)Γ2(∆φ − s)M(s, t)
B
(s)
∆,ℓ(s, t) =
(
eiπ(2s+∆+ℓ−2h) − 1
) Γ(∆−ℓ2 − s)Γ(2h−∆−ℓ2 − s)
Γ(∆φ − s)2
P∆,ℓ(s, t)
Mack Polynomials
Cancels out “shadow” pole
Descendant poles
Residue - 3-point fn.
G
(s)
∆,ℓ(u, v)→ B
(s)
∆,ℓ(s, t)
External scalar
B
(s)
∆,ℓ(s, t) =
∞∑
m=0
Rm(t)
2s−∆+ ℓ− 2m
+ . . .
[Mack, 
Penedones, 
Fitzpatrick-
Kaplan,….]
Mellin Space (Contd.)
Witten Diagram Blocks: 
       Could choose as meromorphic piece of conformal block. 
       
       Could also add polynomial (of degree   ) - ambiguity. [R.G., A. Sinha]
       No exponentially growing behaviour at infinity.
       For scalar exchange ( =0), explicitly given by
ℓ
ℓ
M
(s)
∆,ℓ(s, t) =
∞∑
m=0
Rm(t)
2s−∆+ ℓ− 2m
M
(s)
∆,0(s, t) =
1
2s−∆
Γ2(∆φ +
∆−d)
2 )
Γ(1 +∆− h)
3F2(1−∆φ +
∆
2
, 1−∆φ +
∆
2
,
∆
2
− s; 1 +
∆
2
− s, 1 +∆− h; 1)
(h=d/2)
[Penedones, Paulos….]
W
(s)
∆,ℓ(u, v)→M
(s)
∆,ℓ(s, t)
Consistency
Now sum over (s,t,u)-channel contributions.
Requiring cancellation of spurious powers       and       log(u) 
equivalent to cancelling spurious single and double poles:
Easier condition to implement - nett residue identically 
vanishes as a function of t. 
A natural decomposition into partial wave orth. polynomials 
u
∆φ
u
∆φ
M(s, t) =
q
(2)
tot (t)
(s−∆φ)2
+
q
(1)
tot (t)
s−∆φ
+ (physical)
qtot(t) =
∑
∆,ℓ
(q(s)∆,ℓ + q
(t)
∆,ℓ + q
(u)
∆,ℓ)Qℓ,0(t) = 0⇒
∑
∆
(q(s)∆,ℓ + q
(t)
∆,ℓ + q
(u)
∆,ℓ) = 0
specialisation of mack polynomials
∀ℓ
(measure) x + (spurious descendants)
M(s, t) =
∑
∆,ℓ
c∆,ℓ
(
M
(s)
∆,ℓ(s, t) +M
(t)
∆,ℓ(s, t) +M
(u)
∆,ℓ(s, t)
)
Devil in the Details
Use a spectral representation for               etc. 
Arises from the “split” representation of Witten exchange 
diagrams - bulk to bulk propagators in terms of bulk to bdry. 
Spectral weight exhibits poles at operator (+ shadow) as well as 
“double trace” of external ops - gives rise to spurious poles.  
Useful for picking out the specific contributions that behave as                                                                                        
M
(s)
∆,ℓ(s, t)
M
(s)
∆,ℓ(s, t) =
∫ i∞
−i∞
dν µ
(s)
∆,ℓ(ν)Ω
(s)
ν,ℓ(s)P
(s)
ν,ℓ (s, t)
µ
(s)
∆,ℓ(ν) =
Γ2(∆φ −
h+ν−ℓ
2 )Γ
2(∆φ −
h−ν−ℓ
2 )
(ν2 − (∆− h)2)Γ(ν)Γ(−ν)(h+ ν − 1)ℓ(h− ν − 1)ℓ
Ω(s)ν,ℓ(s) =
Γ(h+ν−ℓ2 − s)Γ(
h−ν−ℓ
2 − s)
Γ2(∆φ − s)
Γ2(
h+ ν + ℓ
2
)Γ2(
h− ν + ℓ
2
)
Mack Polynomials
spectral weight
q
(2,s)
∆,ℓ (t)
(s−∆φ)2
,
q
(1,s)
∆,ℓ (t)
s−∆φ
Devil in the Details (Contd.)
At these poles the residue simplifies. Mack Polynomials reduce  
Q’s are a nice set of orthogonal polynomials (continuous Hahn) 
- can be written in terms of                hypergeometric functions. 
         (measure) x
Where                           and                             with  
Thus in s-channel can explicitly write the contribution to 
spurious poles from each op. with definite    . 
P
(s)
ν,ℓ (s, t)→ Q
2∆φ+ℓ
ℓ,0 (t)
3F2(−ℓ, ...; 1)
M
(s)
∆,ℓ(s, t) =
q
(2,s)
∆,ℓ (t)
(s−∆φ)2
+
q
(1,s)
∆,ℓ (t)
s−∆φ
+ . . .
q
(2,s)
∆,ℓ (t) = q
(2,s)
∆,ℓ Q
2∆φ+ℓ
ℓ,0 (t) q
(1,s)
∆,ℓ (t) = q
(1,s)
∆,ℓ Q
2∆φ+ℓ
ℓ,0 (t)
q
(2,s)
∆,ℓ = −
Γ(2∆φ + ℓ− h)
22ℓ−2(ℓ−∆+ 2∆φ)(ℓ+∆+ 2∆φ − 2h)
q
(1,s)
∆,ℓ =
Γ(2∆φ + ℓ− h+ 1)
22ℓ−4(ℓ−∆+ 2∆φ)2(ℓ+∆+ 2∆φ − 2h)2
ℓ
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Way Too Much Detail
Need to add in the t- and u-channel spurious pole contributions. 
A fixed spin in t-channel gets contributions from all   
Use orthogonality to pick out nett contribution  
Determines pole pieces:
Convenient to also add disconnected (identity op.) piece 
separately       . Also u-channel gives identical contribution.
Thus final constraint eqns:                                   ;        ; (i=1,2)
ℓ
M
(t)
∆,ℓ′(s, t) =
∑
ℓ
q
(t)
∆,ℓ′(s, ℓ)Q
2∆φ+ℓ
ℓ,0 (t)
q
(t)
ℓ (s) =
∑
∆,ℓ′
c∆,ℓ′
∫
dtM
(t)
∆,ℓ′(s, t)Q
2∆φ+ℓ
ℓ,0 (t)Γ
2(s+ t)Γ2(−t)
q
(2,t)
ℓ = q
(t)
ℓ (s)|s=∆φ , q
(1,t)
ℓ =
dq
(t)
ℓ (s)
ds
|s=∆φ
∀ℓ
q
(1,t)
ℓ,disc
(
∑
∆
q
(i,s)
∆,ℓ + 2q
(i,t)
ℓ ) = 0
The Epsilon Expansion
Implement this schema for the W-F fixed point in (            ) as 
alternative to Feynman diagrams. [Polyakov, Rychkov-Tan, K. Sen-Sinha]  
Exploit that                   for the stress tensor and look at   =2 
channel. Only s-channel contributes till O(  ).
Fixes leading correction to      and               .         
Now include t-channel but only     contributes to low orders. 
d = 4− ϵ
(∆ = d) ℓ
ϵ
∆φ Cℓ=2 = CφφT
φ
2
∆φ = 1−
ϵ
2
+
1
108
ϵ
2 +
109
11664
ϵ
3 +O(ϵ4) ∆φ2 = 2−
2
3
ϵ+
19
162
ϵ
2 +O(ϵ3)
γℓ =
ϵ2
54
(
1−
6
ℓ(ℓ+ 1)
)
+ ϵ3δ(3)
ℓ
Cℓ
Cfreeℓ
= 1 +
(ℓ(ℓ+ 1)− 1) (H2ℓ −Hℓ−1)
9ℓ2(1 + ℓ)2
ϵ
2 + C(3)ℓ ϵ
3
Cφφφ2 = 1−
1
3
ϵ−
17
81
ϵ
2 +O(ϵ3)
Harmonic 
number
δ
(3)
ℓ
=
[109ℓ3(ℓ+ 2) + 373ℓ2 − 816ℓ− 756]− 432ℓ(ℓ+ 1)Hℓ−1
5832ℓ2(1 + ℓ)2
Higher Spins and the Large    Limit
Another analytically tractable limit is that of large spins - 
(double) light cone expansion. [Fitzpatrick et.al. ,Komargodski/Alday-Zhiboedov]
Here, simplify t-channel by using            for large  . 
For “strong coupling” (                  ) with minimal twist op.
                                              Also OPE Coeff.
For “weak coupling” (                  ) with a whole tower of 
minimal twist ops. but with a perturbative parameter “g”.
ℓ
Q∆ℓ,0(t) ℓ
δτgap log(ℓ)≫ 1
δτgap log(ℓ)≪ 1
γℓ − 2γφ = −
Cmφφ22−ℓmΓ (∆φ)
2 Γ (2ℓm + τm)
Γ
(
∆φ −
τm
2
)2
Γ
(
ℓm +
τm
2
)2 (1ℓ
)τm
γℓ − 2γφ =
α0(g) + α1(g) log ℓ+ α2(g)(log ℓ)2 + · · ·
ℓd−2
αk = −2
d−3(−g)k+2Cφφφ2
Γ
(
d
2 − 1
)
Γ
(
d
2 −
1
2
)
(δ(1)
φ2
)k(δ(1)
φ2
− 2δ(1)φ )
2
k!
√
π
+O(gk+3)
The 3d Ising Model
Can combine the results of the   -expansion and large   limit. 
Compare with numerical results on 3d Ising Model [El-Showk-Paulos-
Poland-Rychkov-SimmonsDuffin-Vichi…]. 
Dimensions of                     ,        and, for the first time, OPE 
coefficients. 
Central charge                 cT
cfree
= 1−
5ϵ2
324
−
233ϵ3
8748
+O(ϵ4)
ϵ ℓ
φ→ σ , φ2 → ε
[Hathrell,
Jack-Osborn]
⇒
φ∂
ℓ
φ
cT =
d2∆2φ
(d− 1)2C2
Compares well with numerics. 
Agrees to 1%.  
3d Ising Model (contd.)
Other OPE coefficients not yet computed in a rigorous way.
Can compare with estimates. [SimmonsDuffin-Komargodski; SimmonsDuffin]
Similar results for O(N) generalisation [P.Dey-A.Kaviraj-A.Sinha]
 2 dim   dim C   2 cT/cfree ` = 4 dim
Ising model 1.4126 0.51815 1.0518 0.9465 5.0208
✏-expansion known results 1.45061 0.518604 1.3333 0.98457 5.01296
✏-expansion new results – – 0.914 0.9579 5.02198
Abs % deviation (old) 2.69 0.078 26.77 4.02 0.156
Abs % deviation (new) – – 13.14 1.20 0.02
1
Spin ` f  J` |DSD f  J` |✏=1 Percentage Deviation
` = 2 0.326 0.328 0.33
` = 4 0.069 0.070 0.86
` = 6 1.57 ⇥10 2 1.61 ⇥10 2 2.55
` = 8 3.69 ⇥10 3 3.76 ⇥10 3 2.04
` = 10 8.76⇥10 4 8.82 ⇥10 4 0.79
` = 12 2.10 ⇥10 4 2.06⇥10 4 1.86
` = 14 5.06⇥10 5 4.79 ⇥10 5 5.52
` = 16 1.22⇥10 5 1.10 ⇥10 5 10.6
1
Laundry List
• Some Extensions:
A. Spinning external operators.  [Costa-Penedones-Poland-Rychkov]
B. Gross-Neveu-Yukawa like theories, 3d QED …  
C. Strong Coupling and Holography; weakly coupled results.
D. More constraints from descendant spurious poles - systematic 
procedure for solving constraint equations [R.G.-Sinha].
E. Numerical implementation (underway).
F. Reproduce results of 2d Bootstrap?
G. Nontrivial CFTs in dimensions greater than four (baby steps). 
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Thank You
A Sampling of Results (Contd.)
Large spin limit (in any dimension). 
• large twist gap (               )                [Fitzpatrick et.al., Komargodski-                                                                                    
                  
• small twist gap (               )                              [Alday-Zhiboedov]
γℓ − 2γφ = −
Cmφφ22−ℓmΓ (∆φ)
2 Γ (2ℓm + τm)
Γ
(
∆φ −
τm
2
)2
Γ
(
ℓm +
τm
2
)2 (1ℓ
)τm
∆φ =
d− 2
2
+ γφ =
d− 2
2
+ gδ(1)φ +O(g
2) ∆φ2 = d− 2 + gδ
(1)
φ2
+O(g2)
γℓ − 2γφ =
α0(g) + α1(g) log ℓ+ α2(g)(log ℓ)2 + · · ·
ℓd−2
αk = −2
d−3(−g)k+2Cφφφ2
Γ
(
d
2 − 1
)
Γ
(
d
2 −
1
2
)
(δ(1)
φ2
)k(δ(1)
φ2
− 2δ(1)φ )
2
k!
√
π
+O(gk+3)
δτgap log(ℓ)≫ 1
Zhiboedov]
δτgap log(ℓ)≪ 1
Also OPE Coeff.
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0 < q < p and ↵, ,  ,     0.
(= Height profile
(= Particle configuration
1/a
1
1
1/b
maximal current
high density
low density
J = 1/4
J = %B(1  %B)
J = %A(1  %A) a =
p   q   ↵ +   +p(p   q   ↵ +  )2 + 4↵ 
2↵
b =
p   q     +   +p(p   q     +  )2 + 4  
2 
and ⇢A = 11+a , ⇢B =
b
1+b
are “effective densities" of the
left and right reservoirs.
Why? Solve ↵(1  ⇢A)   ⇢A = (p   q)⇢A(1  ⇢A)
This picture has been argued for through heuristics, Matrix Product
Ansatz, and proved by Liggett (1975-77).
Large deviation and hydrodynamics results in literature.
SHE: @tZ =
1
2
@xxZ + Z⇠
(
@xZ (t, x)|x=0 = AZ (t, 0)
@xZ (t, x)|x=1 = BZ (t, 1)
KPZ: @tH =
1
2
@xxH +
1
2
(@xH)
2 + ⇠
(
@xH(t, x)|x=0 = A
@xH(t, x)|x=1 = B
SBE: @tU =
1
2
@xxU + U@xU + @x⇠
(
U(t, 0) = A
U(t, 1) = B
Mild solution: Z is predictable and satisfies 8X ,T ,
ZT (X ) =
ˆ 1
0
PT
R(X ,Y )Z0(Y ) dY+
ˆ T
0
ˆ 1
0
PT
R
 S(X ,Y )ZS(Y ) dWS(dY )
where second term is Itô integral against cylindrical Wiener process
W , and PR is Robin heat kernel.(
@XPRT
@XPRT
(X ,Y )|X=0 = APTR(0,Y )
(X ,Y )|X=1 = BPTR(1,Y )
??????????
??????????
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